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intersection-based types : used to catch computational behavior

Idempotence of A :
ANA=A

(with A = B meaning (F A — B) and (F B — A))

Idea :

m A idempotent ~ intuitionistic conjunction (NJ's A)
m A non idempotent ~ tensor (LL's ®)
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Logic systems map

Natural deduction Sequent calculus
Intuistionistic NJ LJ
logic (DQ) (ALY)
Multiplicative N-IMLL L-IMLL
linear logic (AN-IMLL, R) (AL-IMLL; AL-IMLL¥)
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NJ (fragment —, A, T)

TAFA ¥ T |
NAEB , TFASB TEA
A B r-B
[FA  T+B [ AL AA

A — - "2 AE
r-AanB ' r-4 °
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DX) : decoration of NJ

Fx AFx A ree 7 |
Nx:AFt: B .y r-t:A— B rl—u:A_>E
lN-Xxt:A—B Ntu:B
THt: A rl—t:B/\I F=t: AL A A c
rt:AAB FEt: A /
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DX) : decoration of NJ

Fx AFx A ree 7 |
Nx:AFt:B .y lrN-t:A— B rl—u:A_>E
N-Xxt:A— B Ntu: B
Ft:A TFt:B FFt:ALA A,
A\ AE.
TFt:AAB : rEe:A 0

m Apart from Curry-Howard : some rules without constructor
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DX) : decoration of NJ

Fx AFx A ree 7 |
Nx:AFt: B .y r-t:A— B rl—u:A_>E
lN-Xxt:A—B Ntu:B
THt: A rl—t:B/\I F=t: AL A A c
rt:AAB FEt: A /

m Apart from Curry-Howard : some rules without constructor
m Not quite NJ : A— B — AA B is provable in NJ but not in DQ2
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LJ (fragment —, A, T)

L a rFA_ TAEB
NAFA - B cu
nAEB r-A rBHC
r-A_-B A>BFC

EA  TEB ABEC
r-AAB rANBEC 't
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ALJ : decoration of LJ

ax N-t: A Nx:AFu:B ;

MNx:AFx: A FF ule/x]: B cu

Nx:A-t: B S N-t: A I‘,x:BI—u:C_)
N-Xx.t:A— B Ny:A— BFulyt/x]: C

r-t:A rl—t:B/\R Mx:Ay:Bkt:C ,
rEt:AAB Mz:AANBF tlz/x,y]: C
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Logic systems map

Natural deduction Sequent calculus
Intuistionistic NJ LJ
logic (DQ) (ALY)
Multiplicative N-IMLL L-IMLL
linear logic (AN-IMLL, R) (AL-IMLL; AL-IMLL¥)
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Natural deduction for IMLL : N-IMLL

AFA X
1 rF1  Ar-C
-1 rAFC  E
rAFB [FA—~B AFA
r’-A—-B | AFB
FA  ArB  THA®B  AABHC
rAFAzB ! LAFC E
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AN-IMLL : decoration of N-IMLL

x:AFx: A x
— 1 M-w:1 AFt:C 1
Ft:l ARt C £
s Mx:AFt: B - [TFt:A—B AlFu:A —op
TFixt:A—oB AFtu:B
r-t: A AFt:B ® lTFu:A®B Ax:Ay:BFt:C ®
I
NMAFt:A®B MAFtu/x,y]: C g
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AN-IMLL : decoration of N-IMLL

—  _ax
x:AFx: A
— 1 M-w:1 AFt:C 1
Ftel ARt C £
s Mx:AFt: B - [TFt:A—B AlFu:A —op
TFixt:A—oB AFtu:B
r-t: A AFt:B ® lTFu:A®B Ax:Ay:BFt:C ®
I
NMAFt:A®B MAFtu/x,y]: C g

m No structural rules : no weakening
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AN-IMLL : decoration of N-IMLL

x:AFx: A x
1 M-w:1l Ak-t:C 1
Ft:l LAFt: C £
x#T MNx:AFt: B . [Ft:A—oB AFu:A Cor
TFx.t:A—oB TAFtu:B
Fr-t: A AF{-;B® lN-uv:A®B A,X:A,y:B}—t:C®
LAFt:A®B : TAF tlu/x,y]: C £

m No structural rules : no weakening, multiplicative contexts
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AN-IMLL : decoration of N-IMLL

x:AFx: A x
1 M-w:1l Ak-t:C 1
Ft:l LAFt: C £
x#T MNx:AFt: B . [Ft:A—oB AFu:A —or
TFx.t:A—oB AFtu:B
r-t: A AFt:B ® lTFu:A®B Ax:Ay:BFt:C ®
I
NMAFt:A®B MAFtu/x,y]: C g

m No structural rules : no weakening, multiplicative contexts
m n occurences of the same variable :
o n=0 (erasing) : 1
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AN-IMLL : decoration of N-IMLL

x:AFx: A x
— 1 M-w:1 AFt:C 1
Ft:l LAFt:C £
x#T Mx:AFt: B . [Ft:A—oB AFu:A —or
TFx.t:A—oB AFtu:B
r-t: A AI—t;B® lN-uv:A®B A,X:A,y:B}—t:C®
NA-t:A®B : AR tlu/x,y]: C g

m No structural rules : no weakening, multiplicative contexts
m n occurences of the same variable :

e n=0 (erasing) : 1

e n > 2 (duplication) : ®¢
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AN-IMLL : decoration of N-IMLL

x:AFx: A x
— 1 M-w:1 AFt:C 1
Ft:l ARt C £
s Mx:AFt: B - [TFt:A—B AlFu:A —op
TFixt:A—oB AFtu:B
r-t: A AFt:B ® lTFu:A®B Ax:Ay:BFt:C ®
I
NMAFt:A®B MAFtu/x,y]: C g

m No structural rules : no weakening, multiplicative contexts
m n occurences of the same variable :

e n=0 (erasing) : 1

o n > 2 (duplication) : ®¢
m Still not quite IMLL : an-imir: A— B —o A® B
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L-IMLL : IMLL sequent calculus

ax r-A  AARC .
AFA LAFC cu
A-B rN-A—-B ABFC
rFA B ¢ AA oBFC L
(A AEB ABHC
AFA®B AoBFC "
1g r=cC
-1 FiFc
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AL-IMLL : decoration of L-IMLL

r-t: A A x:AFu: C
ax J
. . r t
x:AFx:A X LA ult/x]: C C”
: : lFt:A— B A, x:Blru:C
it Mx:AFt:B Cen x#A , X u o
NN-Xxt:A—oB MAy:A— BFulyt/x]: C
Frt: A A+t B ®r .y T Mx:Ay:BFt:C
LAFt: A®B Y Tz A®BFtlz/xy]: C
— 1 _TFu:C
Ft:l Mx:1Fu:C 1
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AL-IMLL : decoration of L-IMLL

r-t: A A x:AFu: C
ax J
. . r t
x:AFx:A X LA ult/x]: C C”
Mx:AFt:B lFt:A— B A, x:Blru:C
X s X t —or x#A , X u o
NN-Xxt:A—oB MAy:A— BFulyt/x]: C
FrEt: A AFt:B ®r .y 4T Mx:Ay:BFt:C
LAFt:A®B Y T A®BF tlz/x,y] . C
— Ir _rFw:C 4
Ft:l Mx:1Fu:C "

m contraction
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AL-IMLL : decoration of L-IMLL

r-t: A A x:AFu: C
ax J
. . r t
x:AFx:A X LA ult/x]: C C”
Mx:AFt:B lFt:A— B A, x:Blru:C
X s X t —or x#A , X u o
NN-Xxt:A—oB MAy:A— BFulyt/x]: C
Frt: A A+t B ®r .y T Mx:Ay:BFt:C
LAFt: A®B Y Tz A®BFtlz/xy]: C
— 1 _Fu:C
Ft:l MNx:1Fuw:C 1

m contraction

m weakening
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Properties table

Completeness | Soundness | S. expansion | S. reduction

ANJ = DQ2
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL*
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Properties table

Completeness | Soundness | S. expansion | S. reduction

ANJ = DQ2
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL*

Completeness
Every head-normalizable term is non-trivially typable.
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Properties table

Completeness | Soundness | S. expansion | S. reduction

ANJ = DQ2
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL*

Soundness
Every non-trivially typable term is head-normalizable.
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Properties table

Completeness | Soundness | S. expansion | S. reduction

ANJ = DQ2
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL*

Subject expansion
fr-t:Aandt—t'thenTHt: A
Used for completeness
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Properties table

Completeness | Soundness | S. expansion | S. reduction

ANJ = DQ2
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL*

Subject reduction
fr-t:Aandt—t' then -t :A
Stronger version for soundness
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Properties table

Soundness | S. expansion | S. reduction

Completeness

ANJ = DQ2
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL*
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Properties table

Soundness | S. expansion | S. reduction

Completeness

ANJ = DQ2
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL*
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Properties table

Completeness | Soundness | S. expansion | S. reduction
W= bR|
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL*
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL*
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
~ U I
AN-IMLL
AL-IMLL
R
AL-IMLL*
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
ALJ v VI v v
AN-IMLL
AL-IMLL
R
AL-IMLL*
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
ALJ v VI v v
ST S
AL-IMLL
R
AL-IMLL*
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Subject reduction in AN-IMLL

x(Iz)(x(Iz)) — xz(x(lz))

x:DFx:D X Z:CI—IZ:C_OE
z:C,x:DFx(lz) : A® (A — B) a:Ab:A—BFba:B

z:C,x:D=C—o (A®(A— B))F x(Iz)(x(Iz)) : B

E

: C , 22 ! C , X1 ! C—oA , X2 ! C—oA—-oBF X121(X2(Izl))
:C,z:Cox: (C—o0A)®(C — A— B)F xz1(x(Iz1)) :
Z.C®C,X.(C—OA)®(C—0A—OB)|—XZ(X(IZ)):B

ax,
ax,

Jean-Marie Madiot (ENS de Lyon, LIPN) Embedding intersection types into MLL 26 mai 2010 22 /53



Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
ALJ v VI v v
ST T
AL-IMLL
R
AL-IMLL*
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Soundness

Theorem (Soundness)

IfT Exn-mvee t: A and A is non trivial then t is head-normalizable.

Proof : Krivine's realizability

m N = head-normalizable terms

m No={yus...up}

Lemma (Adequation)

Ifx1: A1, ..., %y AnEan-ivee t: B and Vi uj € [[A,]] then
t[U]_/X]_, 000y Un/Xn] € [[AI]]
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
ALJ v VI v v
AN-IMLL AN X
AL-IMLL
R
AL-IMLL*
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
ALJ v VI v v
AN-IMLL X
AL-IMLL
R
AL-IMLL*
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v

ALJ v VI v v
AN-IMLL VI ? X
AL-IMLL

AL-IMLL*

Jean-Marie Madiot (ENS de Lyon, LIPN) Embedding intersection types into MLL 26 mai 2010 27 / 53



from : Daniel de Carvalho
Origin : relational semantics of the linear logic

x: AFx: A ax

MNx:A,..x:A,Ft: B
N-Axt: AA®---®A, —B

x#I

N-t:AA®---®@A,—oB AjFu: A i€[1,n]
MA,...,A,Ftu: B

@,
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Properties of the system R

Theorem (Subject expansion)
IfTFprt' :Aandt — t' thenT Fr t: A.

Proof sketch :
m induction on 7’ :: T = t’ : A, following the structure of t.
m substitution lemma for the expansion :
If X+ t[u/x] : A then there exists n, (B;), (4}),I s.t. :
o x:By,....,x:B,Ft: A
o AjFu:Bjforallielln
o Y =T,A1... A,
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Properties of the system R

Lemma (Typing head normal forms)
If t is in head normal form then T Fr t : A

Proof : ifvi,y#x

ax
y:l—o---—o1—oAFy:l—o0---—o01-—0A
@
y:l—o--.—ol—oAkFyu...up—1:1—0A
[¢]
y:l—o---—ol—oAFyu ...Uup_1Un:A °
yi:l—o---—o01—-oAkFAxp.yu...unp:1—A
yi:l—o:...—-o1l—-oAFAXx...Axg.yu...Up:1—o0---—o01-—0A

yil—o--v—o01—-oAFAAXQ...A\Xp.yuU;...Uun:1—o0.--—o01-—oA
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Properties of the system R

Lemma (Typing head normal forms)
If t is in head normal form then T Fr t : A

Proof : y=x

ax
xp:l—o0-+-—o01l-—-o0AFxj:1—o0---—o01-—oA
Qg
xp:l—o.+v—ol—oAFXxu ...up_1:1—0A o
xp:l—o.:v—o01l—oAF X u...Uup_1Um:A 0
Xxjil—o-+-—o1l—o0AF Axp. Xju;...Uunp:1—A
X Axp. Xxjup .. Uup:l—o---—o1-—A
TR A A U Umil o —o(l—o- ol oA)—o--—-o1-2A
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v

ALJ v VI v v
AN-IMLL VI ? X
AL-IMLL

AL-IMLL*
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Theorem (R C AN-IMLL)
lfr l_R t: A then r l_NIMLL t: A* (where A* is the syntactic translation of A)

(R's rules not directly provable in N-IMLL) Proof :
m simple induction on size()
m + lemma : If
mol,x:By,...,x: B,Fr t:Athen
il x1:B1,....xn: BoFpt' 1 A
where t = t'[x/x1 ... Xp]
and size(n') = size(m)
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v

ALJ v VI v v
AN-IMLL VI ? X
AL-IMLL

AL-IMLL*
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
ALJ v VI v v
AN-IMLL v VI ? X
AL-IMLL
; — E——
AL-IMLL*
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Properties of the system R

Theorem (Subject reduction)
IfTFrt:Aandt —t' thenT Ft': A
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Properties of the system R

Theorem (Subject reduction)
IfTFrt:Aandt —t' thenT Ft': A

Theorem (Subject head reduction)

Ifm::TFRrt:Aandt—yt then there exists ' such that :
m7 gt A

m m(7’) < m(m).
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
ALJ v VI v v
AN-IMLL v VI ? X
AL-IMLL
; — Em——
AL-IMLL*
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
ALJ v VI v v
AN-IMLL v VT ? X
o
R v v v v (m)
AL-IMLL*
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N-IMLL=L-IMLL

Theorem (NL equivalence)

Tyt AT EomL t: A

Proof.
rules provable in each other system preserving decoration

Jean-Marie Madiot (ENS de Lyon, LIPN) Embedding intersection types into MLL

26 mai 2010 38 /53



Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
ALJ v VI v v
AN-IMLL v VI ? X
AL-IMLL v VI ? X
R v v v v (m)
AL-IMLL*
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AL-IMLL?

r-t: A Ax:AFu:C
ax )
. . r t
x:Abx:A x¥ MAF ult/x]: C <
Mx:AFt: B TFt:A—B Ax:BrFu:C
xpr XAt —or  x#A X et
N-Xx.t:A—oB MA,y:A— BFulyt/x]: C
(B£1, @)
r-t:A A}—t:B®R .y T MNx:Ay:BFt:C
LAFt:A®B Y T Z A®BFtiz/x,y]: C
——1g _TFu:C
FEe:l Mx:1Fu:C 1
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
ALJ v VI v v
AN-IMLL v VI ? X
AL-IMLL v VI ? X
R v v v v (m)
SOV I
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Subject expansion

Theorem (Subject expansion)
IfT-t' :Aandt—t' thenT-t:A

Proof : separation lemmas + substitution lemma
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Completeness

Lemma (Typing HNF)

If t is in head normal form then AT, A T +t: A

Theorem (Completeness of N-IMLL*)
If t is head-normalizable then AT, A THt: A
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
ALJ v VI v v
AN-IMLL v VI ? X
AL-IMLL v VI ? X
R v v v v (m)
SOV I
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
ALJ v VI v v
AN-IMLL v VI ? X
AL-IMLL v VI ? X
R v v v v (m)
Y. 7T N
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Subject reduction

with this restriction on the —o; rule :

Theorem (Subject reduction)
IfFT-t:Aandt—t thenT -t : A

Proof :
m induction on t

m arrow lemma : If '+ Ax.t : A — B then
Mx:AFt: B

m tensor lemma : If I x: A® BF t: C then
Mx:Ax:BFt:C

m splitting lemma : If T t: A® B and I' is ®-free then
MEt:Aand o t: Bwithl =T,

m application lemma :I - tu: B and I, B is ®-free then
JA iFt:A—oBandlFu:A
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
ALJ v VI v v
AN-IMLL v VI ? X
AL-IMLL v VI ? X
R v v v v (m)
Y. 7T N
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
ALJ v VI v v
AN-IMLL v VI ? X
AL-IMLL v VI ? X
R v v (m) v v (m)
AL-IMLL* v vI v v
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ = DQ v VI v v
ALJ v vI v v
AN-IMLL v v ? weaker ?
AL-IMLL v v ? weaker ?
R v v/ (m) v v'(m)
AL-IMLL* v Z(m?) v v

Weaker subject reduction
If IT'=¢t:Aand t — t' there exists t” such that :

.t,_>*t”
et A
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Any question ?
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Realisability

(Mo, N') adapted
m NgCN
m Ny C (N = Np)
m (M= N)CN

m [A— B] ={t|Vae [A] tae [B]
m [a] =N
m [A® B] =[A]N[B]
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Definition

Trivial types are :
m1(Q)
mA—oT (A— T)where T is trivial
m T®T' (TAT') where both T and T are trivial
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Properties of the system R and pals

Properties (head normalization) :
m Subject reduction (with decreasing mesure)
m Soundness
m Subject expansion
m Completeness
Alternative systems :

m R\1 (terms without 1 in the typing relation)
— characterise the weakly normalizable terms

m R* (R without the @ rule)
— characterise the strongly normalizable terms
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