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Chapter 12

Loops in Separation Logic
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Verification of a for-loop

let facto n =
let r = ref 1 in

for i = 2 to n do
let v = !r in
r =V * i;
done;
Ir
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Verification of a for-loop

let facto n = Before the loop

let r = ref 1 in
r—1
for i = 2 to n do
let v = Ir in At each iteration:
r =V * i;
done; from r— (i—1)! to rw—il
Ir
After the loop:
r—n!
February 12, 2025 3/68
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Verification of a for-loop

let facto n = Before the loop

let r = ref 1 in r o 1
for i = 2 to n do
let v = Ir in At each iteration:
T =V ¥ i
done; from r— (i—1)! to rw— il
Ir
After the loop:

r—n!

Loop invariant (I : int — Hprop) that applies for any i € [2,n + 1]:

Ii = re(i—1)
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Reasoning rule for for-loops

Reasoning rule for the case a < b:

Vie[a,b]. {Ii}t{A.T(i+1)}
{Ia} (fori = atobdot) {\_.I(b+1)}
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Reasoning rule for for-loops

Reasoning rule for the case a < b:

Vie[a,b]. {Ii}t{A.T(i+1)}
{Ia} (fori = atobdot) {\_.I(b+1)}

General rule, also covering the case a > b:

Viela,b]. {Li}t{A\.I(i+1)}
{Ia} (fori =atobdot) {\_.I(maxa(b+1))}
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Reasoning rule for while loops: partial correctness

The loop invariant I describes the state between every iterations.
The post-condition J describes the state after the evaluation of ¢7.

{I} t1 {J} {J true} to {\_. T}
{I} (whilet; dota) {\_. J false}

where (I : Hprop) and (J : bool — Hprop).
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Reasoning rule for while loops: partial correctness

The loop invariant I describes the state between every iterations.
The post-condition J describes the state after the evaluation of ¢7.

{I} t1 {J} {J true} to {\_. T}
{I} (whilet; dota) {\_. J false}

where (I : Hprop) and (J : bool — Hprop).

For total correctness: parameterize the invariant with a measure.
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Reasoning rule for while loops

We focus on a different approach that:
@ supports total correctness through the meta-logic;

@ allows to apply the frame rule during iterations.
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Reasoning rule for while loops

We focus on a different approach that:
@ supports total correctness through the meta-logic;

@ allows to apply the frame rule during iterations.

Prove a triple {H} (whilet; dot2) {@} by induction, using:

{H} (ift1 then (t2; (whilet; doty))else () {Q}
{H} (whilet; dots) {Q}
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Length with a while loop

4 pad G )
«— e ¢ ey >

let mlength (p:’a cell) =
let t = ref 0 in

let £ = ref p in
while !f != null do
incr t;
f := (1f).tl;
done;
It
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Length with a while loop: induction
[
P A\

&

G, ” (15 7

We discard L; and prove by induction on Lq that for all n and g:

{q~ MList Ly * f+ q = t+— n}

(while !'f != null do incr t; f := (!f).tl; done)

{g ~> MList Ly # f > null % t — (n + length Ly)}
The loop unfolds to:

if I'f != null
then (incr t; f := (!f).tl; while .. do .. done)
else ()

Exercise: give a proof sketch for the induction for mlength.
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Length with a while loop: use of frame

H=m bzmed.

7?@“93 Lz\fv

2

TX T Lty

Ll
— —
Vt=mtiL) =
q ~~» MList Loy * froq % ton begin
qg—{z;¢} ¢ ~ MListLy« f—q = t—mn unfold
q— {x;d )+ ¢ ~ MListLyx fr—q % t—n+1 increment
q— {x;d} ¢ ~ MListLyx f—q % t—n+1 shift head

q— {x;q'} * ¢ ~ MList Ly % f+— null % ¢t — n+ 1+ |L}| frame+Ind.hyp.

q ~» MList Ly # [ null x t—n+|Lo

fold
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Chapter 13

Aliasing and local state

Jean-Marie Madiot (Inria Paris) Separation Logic 3



Functions with aliasing: swap

let swap r s =

let a = Ir in
let b = Is in
r := b;
s := a

Exercise: Find three useful specifications for swap:
@ a specification for non-aliased (distinct) arguments,
@ a specification for aliased (equal) arguments,

© (bonus) a most-general specification.
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Functions with aliasing: 3 specifications for swap

Specification 1:

Vrsnm. {(r — n) * (s —m)} (swap r s) {A\.. (r—>m)* (s—mn)}
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Functions with aliasing: 3 specifications for swap

Specification 1:

Vrsnm. {(r — n) * (s —m)} (swap r s) {A\.. (r—>m)* (s—mn)}

Specification 2:

Vrsn. {'r =s" = (r —n)} (swap r s) {\_. r—n}
or simply:
Vrn. {r — n} (swap r r) {\_. r—>n}
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Functions with aliasing: 3 specifications for swap
Specification 1:

Vrsnm. {(r — n) * (s —m)} (swap r s) {A\.. (r—>m)* (s—mn)}

Specification 2:
Vrsn. {'r =s" = (r —n)} (swap r s) {\_. r—n}
or simply:
Vrn. {r — n} (swap r r) {\_. r—>n}

Specification 3:
VrsM.r,s € domM = {@), )en P — 1}
(swap r s)
D @ mepr=mishiis=nm P 7
alternatively with a no-offset version of Cells, VrsM. r,s € dom M =
{Cells' (M)} (swap r s) {\.. Cells’ (M[r:= M[s]][s:= M][r]])}
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Function with local state

Exercise: what is the specification of £ in the following program?

let r = ref 3
let £ () =
incr r

Then, show that the code below returns 5.

£0;
£0O;

'r
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Function with local state

Exercise: what is the specification of £ in the following program?

let r = ref 3
let £ () =
incr r

Then, show that the code below returns 5.

£0;
£0O;

'r
Specification:
Vn. {r—mn} (£ O){ . r—n+1}
Successive states:

r—3 r—4 r+—5
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Counter function: code

oy

let mkcounter () = -\\
let r = ref 0 in
(fun () -> incr r; !'r)

%

CD

?
a2,
@HZ((@

let ¢ = mkcounter() in
let x = c() in
let y = cO in
assert (x =1 && y = 2)
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Counter function: specification

B

@<

Ao

d

f~>Countn = 3r.(r—n)
« Vi{r—dd (fO){dz."z=i+1" % (r—i+1)}
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Counter function: specification

f~ Countn = Ir.(r—n)
« Vi{r—dd (fO){dz."z=i+1" % (r—i+1)}

Exercise: specify a counter function, only in terms of f ~» Countn.
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Counter function: specification

f~ Countn = Ir.(r—n)
« Vi{r—dd (fO){dz."z=i+1" % (r—i+1)}

Exercise: specify a counter function, only in terms of f ~» Countn.

{""} (mkcounter ) {\f. f ~» Count0}
Vfi. {f~ Counti} (fO){z."x=i4+1" % f~ Count(i+ 1)}
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Chapter 14

Basic higher-order functions
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Apply

let apply f x =
fx

Specification:

VixHQ.

Jean-Marie Madiot (Inria Paris)

{H} (f2) {Q}
= {H} (apply f z) {Q}
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Apply

let apply f x =
fx

Specification:

VizHQ. {H} (f2) {Q}
= {H} (apply f z) {Q}

This is equivalent to the form below, which involves nested triples:

VieHQ. {H = "{H} (fz){Q}"} (apply f z) {Q}
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Apply on a reference

let refapply r f =
r :=f Ir

Exercise: give two specifications for the function refapply.
In the first, assume f to be pure, and introduce a predicate Pz y.

In the second, assume that £ also modifies the state from H to H'.
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Apply on a reference

let refapply r f =
r :=f Ir

Exercise: give two specifications for the function refapply.
In the first, assume f to be pure, and introduce a predicate Pz y.
In the second, assume that f also modifies the state from H to H'.

VrfxP. {""} (fz){\y."Pxy'}
= {r— x} (refapplyr f) {\.. Jy. Pzy' * r— y}
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Apply on a reference

let refapply r f =
r :=f Ir

Exercise: give two specifications for the function refapply.
In the first, assume f to be pure, and introduce a predicate Pz y.
In the second, assume that f also modifies the state from H to H'.

VrfxP. {"Y(fx){\y. Pxy'}
= {r— x} (refapplyr f) {\.. Jy. Pzy' * r— y}

VrfzHH'P. {H} (fz){\y."Pxy" = H'}

(refapplyr f)
{\. Jy."Pzy' * (r—y) * H'}
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Function twice

let twice f =

£0O; £0O

Specification:
VIH'Q. {H} (f ) {A- H'}
~ {H'Y(F() {@}
= {H} (twice f) {Q}
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Function repeat

let repeat n f =
for i = 0 to n-1 do
40)

done

Exercise: specify repeat, using an invariant I, of type int — Hprop.

Jean-Marie Madiot (Inria Paris)
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Function repeat

let repeat n f =
for i = 0 to n-1 do
40)

done

Exercise: specify repeat, using an invariant I, of type int — Hprop.

VnflI. (Vie[0,n). {Ii} (fO){ . I(i+1)})
= {10} (repeatn f) {\.. In}

The premise consists of a family of hypotheses describing the behavior of
applications of f to particular arguments.
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Chapter 15

Higher order iteration
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Iteration over a pure list

For pedagogical purposes, “pure lists” live outside the
heap and need no representation predicate. (In prac-
tice, most (but not all) lists are allocated on the heap.)

let rec iter £ 1 =
match 1 with
I 1 -> 0
| x::t > f x; iter f t

Exercise: specify iter, using an invariant I, of type lista« — Hprop.
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Iteration over a pure list

For pedagogical purposes, “pure lists” live outside the
heap and need no representation predicate. (In prac-
tice, most (but not all) lists are allocated on the heap.)

let rec iter £ 1 =
match 1 with
I 1 -> 0
| x::t > f x; iter f t

Exercise: specify iter, using an invariant I, of type lista« — Hprop.

Vfll. (V:Bk‘. {I'k} (fx) {\. I(k&:n)})
= {Inil} (iter f1) {\_. I}

where k&x = k+-(z :: nil).
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Length using iter

(Vak. {Ik} (fz) {\. I (kex)})
= {Inil} (iter f1) {\.. I}

let length 1 =
let r = ref 0 in
iter (fun x -> incr r) 1;
Ir

Exercise: give the instantiatiation of the invariant I for iter;
then, write the specialization of the specification of iter to I and to
(fun x -> incr r); finally, check that the premise is provable.
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Length using iter

(Vak. {Ik} (fz) {\. I (kex)})
= {Inil} (iter f1) {\.. I}
let length 1 =
let r = ref 0 in
iter (fun x -> incr r) 1;
Ir

Exercise: give the instantiatiation of the invariant I for iter;
then, write the specialization of the specification of iter to I and to
(fun x -> incr r); finally, check that the premise is provable.

Invariant: I = A\k. r — |k|.

(Vzk. {r— |k|} (incr 1) {X_. 7 |k| + 1})
= {r— 0} (iter f1) {\_. 7 — |l|}
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Sum using iter

(Vak. {Ik} (fx) {A- I (kex)})
= {Inil} (iter f1) {\_. I}

let sum 1 =
let r = ref 0 in
iter (fun x > r := Ir + x) 1;
Ir

Exercise: give the invariant I involved in the above call

Jean-Marie Madiot (Inria Paris) Separation Logic 3
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Sum using iter

(Vak. {Tk} (fz) {A\ I (kex)})
= {Inil} (iter f1) {\_. I}

let sum 1 =
let r = ref 0 in
iter (fun x > r := Ir + x) 1;
Ir

Exercise: give the invariant I involved in the above call to iter.

I = Mk. r— Sumk

where:
Sumk = Fold(+)0k
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Constraints over the items

(Vak. {Ik} (fx) {A. I (kex)})
= {Inil} (iter f1) {\_. I'l}

Given a list xq :: g i1 ... 2z, 2 nil, let us compute:

10 10 10
— =+t —
Ea| Z2 L,

iter (fun x > r := !r + 10 / x) [2; -3; 4]
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Constraints over the items

(Vak. {Ik} (fx) {A. I (kex)})
= {Inil} (iter f1) {\.. I}

Given a list xq :: x9 i1 ... 2z, o nil, let us compute:
10 10 10
— =+ .t —

1 %2 .

iter (fun x > r := !r + 10 / x) [2; -3; 4]

The above specification of iter is too weak. More general specification:

V. (Vak. v el = {Tk} (fz) (A I (kex)})
= {Inil} (iter f1) {\_. I}
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Constraints over the items, in order
VfIL. (Vazk. z el = {Ik} (fz) {\. I (k&x)})
= {Inil} (iter f1) {\_. I'l}

Given a list x1 :: g i1 ... 2z, 2 nil, let us compute:
10
+Tn
10 -
10
Oteg +x2

iter (fun x -> r := 10 / (Ir + x)) [2; -3; 4]
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Constraints over the items, in order
VfIL. (Vazk. z el = {Ik} (fz) {\. I (k&x)})
= {Inil} (iter f1) {\_. I'l}

Given a list xq :: x9 i1 ... 2z, o nil, let us compute:
10
+Tn
10 -
10
Oteg +x2

iter (fun x -> r := 10 / (Ir + x)) [2; -3; 4]

The above specification of iter is too weak. Most-general specification:

VfII. (Vaks. | = k+tw s = {ITk} (fz) {\. I (ksa)})
= {Inil} (iter f1) {\.. 11}
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Verification of iter

(Vak. {Ik} (fx){\. I (kex)})
= {Inil} (iter f1) {\_. I}

let rec iter £ 1 =
match 1 with
I ->0
| x::t -=> f x; iter f t

How to prove that the code satisfies its specification?

£
CTr 11717

020-0-0-0-~0~0-~
| £ &
L ]

4
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Verification of iter: generalized principle

Assume:

Vak. {Tk} (fz) (Ao T (kex))

Prove:
{Inil} (iter f1) {\_. I}
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Verification of iter: generalized principle

Assume:

Vak. {Tk} (fz) (Ao T (kex))

Prove:
{Inil} (iter f1) {\_. I}

Proof by induction over a generalized statement:

Vik. {Ik} (iter f1) {\_. I (k+1)}

2 s
r LI T 1
ri"

O—) O- 0~ q-> - O=~9 O -

FYDE
L e
4
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Verification of iter: induction

let rec iter f s =
match s with
I 0->0
| x::t > f x; iter £ t

Assume: Vzk. {Ik} (fx){\. I (k&x)}
Prove: Wkl {Ik} (iter 1) {\_. I (k++0)}

By induction on {:

e Case [ = nil. Goal is: {Ik} (iter f nil) {\_. I (k+-nil)}.
This triple simplifies to: {I k} () {\-. Ik}, which is correct.

Jean-Marie Madiot (Inria Paris) Separation Logic 3 February 12, 2025

29 /68



Verification of iter: induction

let rec iter f s =
match s with
I 0->0
| x::t > f x; iter £ t

Assume: Vxk. {Ik} (fx){\. I (k&x)}
Prove:  Vki. {Ik} (iter f1){\_. I (k+1)}

By induction on {:

e Case [ = nil. Goal is: {Ik} (iter f nil) {\_. I (k+-nil)}.
This triple simplifies to: {I k} () {\-. I k}, which is correct.

o Case | =z ::t. Goalis: {Ik} (iter f(x ::t)) {A_. T (k+(x::1))}.
HYPOTHESIS-ON-F INDUCTION-HYPOTHESIS

(Tk} (fz) (0o T (keew)} (I (keex)} (iter f£) (A= I ((k&x)++t)}
(Ik} (fa; iter f 1) {I (kea)++1)}

SEQ
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Invariant on remaining items

(Vak. {ITk} (fx) {\_. I (k&x)}) = A{Inil} (iter f1) {A_. T}

(Voo {3 (fo) (Ao ) = {I'1) (iter f1) {\_. I'nil}

Exercise:

@ specify iter using an invariant that depends on the list of items
remaining to process, instead of on the list of items already processed.

@ prove the old specification derivable from the new one,

@ prove the new specification derivable from the old (most general) one.
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Invariant on remaining items

(Vak. {ITk} (fx) {\_. I (k&x)}) = A{Inil} (iter f1) {A_. T}
(Voo {3 (fo) (Ao ) = {I'1) (iter f1) {\_. I'nil}

Exercise:
@ specify iter using an invariant that depends on the list of items

remaining to process, instead of on the list of items already processed.

@ prove the old specification derivable from the new one,
@ prove the new specification derivable from the old (most general) one.

(Vas. {I'(x::8)} (fz) {A. I's}) = {I'1} (iter f1) {A_. I'nil}
I's=3k.T=kts 1k

ITk=3s.l=k+s =Is

February 12, 2025 30/68

Jean-Marie Madiot (Inria Paris) Separation Logic 3



Iterating over a mutable list

e

let rec miter f p =
if p == null
then ()
else (f p.hd; miter f p.tl)
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Iterating over a mutable list

VAL (Vak. {Tk} (fz) {A. T (kex)})
= {Inil} (iter f1) {\.. T}

e

VipIl. (Vak. {Ik} (fz) {\. I (kex)})
= {p -~ MListl = Inil} (miter fp) {\_. p ~ MListl = I}

Specification:

Remark: calls to f will not modify the structure of the list while iterating.
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Summary
Simplified: (Vak. {Ik} (fz) (A T (kex)})
= {Inil} (iter f1) {\_. I}
Order-irrelevant:
(Vak. v el = {Ik} (fz){\. I (ke&x)})
= {Inil} (iter f1) {\_. I1}
Most-general:
(Vaks. | = k+vw s = {ITk} (fz) (A I (kea)})
= {Inil} (iter f1) {\_. I}
Using remaining items (already most general):
(Vas. {I' (w2 8)} (fa) A I's}) = {I'l} (iter f1) {\_. I'nil}
Extension to mutable lists:
(Vaks. | = k+ta s = {ITk} (fz) {\. I (k&a)})
= {p~> MListl = Inil} (miter fp) {A\_. p ~ MListl = I}
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Break?
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Chapter 16

Other classic higher-order functions
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Fold-left

let rec fold_left f a 1 =
match 1 with
| [0 ->a
| x::k -> fold_left f (f a x) k

Example: fold_left fa[6::4::7] = f(f(fa6)4)7
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Fold-left

let rec fold_left f a 1 =
match 1 with
| [0 ->a
| x::k -> fold_left f (f a x) k

Example: fold_left fa[6::4::7] = f(f(fa6)4)7

Specification:

VfallJ. (Vaik. {Jik} (fiz) {\j. Jj(kea)})
= {Janil} (fold_left fal) {\b. Jbl}
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Application of fold-left

V fall. (Vaik. {Jik} (fiz) {\j. Jj(k&x)})
= {Janil} (fold_left fal) {\b. Jbl}

let r = ref O
let count_and_sum 1 =
fold_left (fun a x -> incr r; a+x) 0 1

Exercise: give the instantiation of the invariant J in the code above.
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Application of fold-left

Vfall. (Vaik. {Jik} (fiz) {\j. Jj(k&a)})
= {Janil} (fold_left fal) {\b. Jbl}

let r = ref O
let count_and_sum 1 =
fold_left (fun a x -> incr r; a+x) 0 1

Exercise: give the instantiation of the invariant J in the code above.

Jik = (r—lk|) = "t =Sumk’
where Sumk = Fold (+) 0 %.
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Fold-right

let rec fold_right £ 1 a =
match 1 with
| 0 ->a
| x::k -> f x (fold_right f k a)

Example:
fold_right f[6::4::T]a = f6(f4(f7a))

Exercise: give a specification for fold_right.

Jean-Marie Madiot (Inria Paris) Separation Logic 3 February 12, 2025

38/68



Fold-right

let rec fold_right £ 1 a =
match 1 with
| 0 ->a
| x::k -> f x (fold_right f k a)

Example:
fold_right f[6::4::T]a = f6(f4(f7a))

Exercise: give a specification for fold_right.

Vflad. (Vaik. {Jik} (fzi) {\j. Jj(z = k)})
= {Janil} (fold_right fla) {\b. Jbl}
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Map: simple specification for pure functions

let recmap £ 1 =
match 1 with
| 1 > 1]
| x::k => (£ x)::(map £ k)

Simple specification, for the case where £ is pure:

VfLP. (Ve. {"'} (fx) {\2/. "Pxa'})
= {"} (map f1) {\. Forall2 P11""}

where:
Pxx' Forall2 P11’

Forall2 P nil nil Forall2 P (z :: 1) (2" 2 1)
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Map: general specification
Specification of map:

VfLP. (Vo {""} (fx) {\2'. " Pza})
= {""} (map f1){\'. "Forall2 P11""}

Specification of iter:

VFII. (Vak. {Tk} (fz) {\. I (k&x)})
= {Inil} (iter f1) {\_. I}
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Map: general specification
Specification of map:

VfLP. (Vo {""} (fx) {\2'. " Pza})
= {""} (map f1){\'. "Forall2 P11""}

Specification of iter:

VfII. (Vak. {Tk} (f ) {\_. I (k&x)})
= {Inil} (iter f1) {\_. I}

Combining the two:

VfIPI. (Vak. {Tk} (fz) {\a/."Paa" = I (k&x)})
= {Inil} (map f1) {\'. "Forall2 P11"" = I}
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Map: general specification, alternative

VfIPI. (Vak. {Ik} (fz) {\a."Paa" = J (kex)})
= {Inil} (map f1) {\'. "Foral2 P11"" « I'l}

Alternative specification:

VLT (Vakk'. {J' KK} (fz) {\'. T (k&) (K &a')})
= {J'nilnil} (map f1) {\'. J'1U'}

Previous specification derivable from the above one:

JkE = "ForalQPkEk « Ik
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Sorting with comparison function

Example:

List.sort (fun x y -> x - y) [2;4;5;3;2;9]

Specification:

VL V(<)
total-order (<)

A (Voy {7} (fry) An.'n<0ex<y'})
= {""} (sort f1) {\'. "permutll’ A sorted (<)I""}
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Find with a boolean predicate, on pure lists

let rec find £ 1 =
match 1 with
| [J -> None
| x::k -> if f x
then Some x
else find f k

Specification:

VAP, (Vz. {"'} (fz) {\b. 'b=true < Pz'})

= {""} (find f1) {No. " match owith
| None = Forall (—P)1

|Somex = Jkt. |l = k+ux:: t
A Forall(=P)k A Pz
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Find with a boolean predicate, on mutable lists

P. 9.
~N N
A GA L E >
>, 2, e *y
% %> fobhe ;xl:fo-@u. ,}Dxﬁ’i@,
Specification:
VfplP. (Vz. {""} (fz) {\b."b = true & Px'})

= {p~ MListl}

(mfind f p)
{Xo.
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Find with a boolean predicate, on mutable lists

el 1

4 %4> folne ;Xz‘_ﬁ‘e“' Pr=he

Specification:

ViplP. (Vz. {"'} (fz) {\b."b = true & Pz'})

= {p~ MListl}

(mfind f p)
{Xo. match owith
| None = p ~~ MList[ = "Forall (—=P) [
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Find with a boolean predicate, on mutable lists

el 1

%xq;f%@ ;xl:fo-@u ,}Dﬁ:‘i@.

Specification:

ViplP. (Vz. {"'} (fz) {\b."b = true & Pz'})

= {p~ MListl}
(mfind f p)
{Xo. match o with }
| None = p ~~ MList[ = "Forall (—=P) [
| Some ¢ = Akt. p ~ MlistSegqk = ¢ ~» MList (= :: 1)
#* | =k+tx:t A Forall(mP)k A Pz’
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Summary

(Vak. {Ik} (fz) {\~ I (k&x)})
= {Inil} (iter f1) {\_. I}

(Vaik. {Jik} (fiz) {N\j. Jj(k&x)})
= {Janil} (fold fal) {\b. Jbl}

(Vakk'. {JkK'} (fx) {\2. J (keex) (K'&a')})
= {Jnilnil} (map f1) {\'. JII'}

@ Add the hypothesis [ = k+x :: s if the position of x matters.

@ Boolean predicates: Vx. {"'} (fz) {\b.'b = true & Pz'}.
@ Order functions: Vzy. {"'} (fzy) {\.n<0<ez<y'}
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Chapter 17

Higher-order representation predicates
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Overview
© Higher-order predicate:
p ~» MList L is generalized into p ~~» Mlistof R L

@ Identity representation predicate:

p ~» Mlistof Id L is the same as p ~» MList L
© Control accesses:

{p ~» MCellofld vy Ry Va} (p.hd) {\z. "z = v1" * ...}
@ Compose recursively:

p ~» Nodeof R X (Mlistof (Narytreeof R)) L
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Mutable list of possibly-aliased lists

p~ MList K = ( & piWMListLZ) * 'Vp; e K. p; € dom M’
(pi; Li) e M
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Mutable list of disjoint mutable lists

jLz__7f\’la’N &
Fr . FrN L = (5:7:xnil)::(8::3::3::nil)
= (nil):z (4::nil) 22 nil

[

54

} F}
\

@ ,

p ~+ MlistofMlist L

(to be later generalized into: p ~~ Mlistof R L)
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Representation using iterated star

Pt
‘\’ > I )
R

E RINEY ; [jﬁ (5::7:nil) 2 (8::3::3::nil)
I f}a @ 2 (nil): (4::nil) o nil
LT K
e

h
I

P1 P2 il p3 i pg conil

p ~ MlistofMlist L IK.  p~ MList K

* @ e, (K[i]) ~ MList (L[4])
« "|K|=I|L|
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Representation using a recursive predicate

Py | ol

| Fﬂf‘ LB,N i L = (5:7xnil):(8::3::3::nil)
| D 2 (nil) z (4:nil) conil
= (ni

’ ? 3 g

[ (D 3

\ @D .

p ~» MlistofMlist L = match L with
[nil = "p=null’
| X o L' = Fap/. p~ {hd=z; tI=p'}}
x p' ~» MlistofMlist L/
* 1 ~» MList X
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Generalization to a higher-order predicate

p ~ MlistofMlist L = match L with
|nil = "p=null’
| X o L' = Fxp’. p~ {hd=x; tI=p'}}
x p' ~ MlistofMlist L’
# x ~» MList X

Generalization:

p ~ Mlistof R L. = match L with
|nil = "p=null’
| X o L' = Fxp’.  p~ {{hd=zx; tI=p'|}
x p' ~> Mlistof i L’
x x o~ RX

In particular:

p ~ MlistofMlist L = p ~» Mlistof MList L
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Type-checking

p ~» Mlistof R . is a notation for Mlistof R L p

(of type Hprop)
z~ RX is a notation for RX x

(of type Hprop)

p ~+ Mlistof RL. = match L with
[nil = "p=null’
| X o L = Jxp’.  p~ {hd=z; tI=p'}}
x p/ ~» Mlistof R I/
* r~ RX

Exercise: since (p: loc) and (z : Val) and (X : A) for some A,
what is the type of R? What is the type of Mlistof?
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Type-checking

p ~» Mlistof R . is a notation for Mlistof R L p

(of type Hprop)
z~ RX is a notation for RX x

(of type Hprop)

p ~+ Mlistof RL. = match L with
[nil = "p=null’
| X o L = Jxp’.  p~ {hd=z; tI=p'}}
x p/ ~» Mlistof R I/
* r~ RX

Exercise: since (p: loc) and (z : Val) and (X : A) for some A,
what is the type of R? What is the type of Mlistof?

) R:A—»Va|—>Hprop
o Mlistof : VA. (A — Val — Hprop) — listA — loc — Hprop
Jean-Marie Madiot (Inria Paris)
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The identity representation predicate

p ~> Mlistof R . = match L with
|nil = "p=null’
| X o L' = Fxp’. p~ {{hd=x; tI=p'|}
x p' ~» Mlistof R L/
* x> RX
p~> MList L = match L with
|nil = "p=null’
|z L = Ap'. p~ {hd=x; tI=p'|}
% p ~» MList L/

Exercise: define the identity representation predicate Id such that

p ~ Mlistof Id L = p~> MList L
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The identity representation predicate

p ~> Mlistof R . = match L with
|nil = "p=null’
| X o L' = Fxp’. p~ {{hd=x; tI=p'|}
x p' ~» Mlistof R L/
* x> RX
p~> MList L = match L with
|nil = "p=null’
|z L' = Ap'. p~ {hd=zx; tI=p'|}
% p ~» MList L/

Exercise: define the identity representation predicate Id such that

p ~ Mlistof Id L = p~> MList L

Definition:
z~1dX = =X
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Summary

@ Higher-order predicate:
p ~+ MList L is generalized into p ~ Mlistof R L
@ lIdentity representation predicate:

p ~+ Mlistof Id L is the same as p ~» MList L
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Chapter 18

Separating implication
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Separating implication or “magic wand”

Recalling separating conjunction:

(P1 * Pg)h/ = E|h/1, h,2. h = hl &) h/2 VAN P1 h/l AN P2 h/z

Introducing separating implication:

(P—*Q)h = Vhl.thlAPhlﬁQ(h&)hl)

Intuition:
(P+Q)*P = Q
Rules:
R+P+Q Ri+ (P —=Q) Ry P
R+ (P Q) Ri=Ro = Q
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5768



Separating implication examples

Exercise: Give heaps satisfying the following predicates:
T (1 2)
"False’ — (1 — 2)

r$>11_*rx>01
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Separating implication examples

Exercise: Give heaps satisfying the following predicates:
o (1e2) {(1,2)}
"False’ — (1 — 2)

r$>11_*rx>01

Jean-Marie Madiot (Inria Paris) Separation Logic 3 February 12, 2025 58/68



Separating implication examples

Exercise: Give heaps satisfying the following predicates:
o (1e2) {(1,2)}
"False’ — (1 — 2) all heaps

r$>11_*rx>01
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Separating implication examples

Exercise: Give heaps satisfying the following predicates:
o (1e2) {(1,2)}
"False’ — (1 — 2) all heaps

=1 = "2>0 only &
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Separating implication examples

Exercise: Give heaps satisfying the following predicates:

Q"+ (1—2) {(1,2)}

@ 'False’ = (1 — 2) all heaps

Q@ z>1"x"2>0 only &

QO 1—4) =«(1—4)=(2—3) {(2,3)} and any h with 1 € dom(h)
© (1—2)—(12)

Q (1+—2) — "False’

Q@ (1—2) ="

Q (1—2)—=(1—3)
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Separating implication examples

Exercise: Give heaps satisfying the following predicates:

Q"+ (1—2) {(1,2)}

@ 'False’ = (1 — 2) all heaps

Q@ z>1"x"2>0 only &

QO 1—4) =«(1—4)=(2—3) {(2,3)} and any h with 1 € dom(h)
Q@ (1—2)—(1l—2) & and any h with 1 € dom(h)

Q (1+—2) — "False’

Q@ (1—2) ="

Q (1—2)—=(1—3)
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Separating implication examples

Exercise: Give heaps satisfying the following predicates:

Q"+ (1—2) {(1,2)}

@ 'False’ = (1 — 2) all heaps

Q@ z>1"x"2>0 only &

QO 1—4) =«(1—4)=(2—3) {(2,3)} and any h with 1 € dom(h)
Q@ (1—2)—(1l—2) & and any h with 1 € dom(h)

Q (1+—2) — "False’ any h with 1 € dom(h)

Q@ (1—2) ="

Q (1—2)—=(1—3)
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Separating implication examples

Exercise: Give heaps satisfying the following predicates:

Q"+ (1—2) {(1,2)}

@ 'False’ = (1 — 2) all heaps

Q@ z>1"x"2>0 only &

QO 1—4) =«(1—4)=(2—3) {(2,3)} and any h with 1 € dom(h)
QO (1—2)=x(1—2) & and any h with 1 € dom(h)

Q (1+—2) — "False’ any h with 1 € dom(h)

Q@ (1—2) =" any h with 1 € dom(h)

Q (1—2)—=(1—3)
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Separating implication examples

Exercise: Give heaps satisfying the following predicates:

Q"+ (1—2) {(1,2)}

@ 'False’ = (1 — 2) all heaps

Q@ z>1"x"2>0 only &

QO 1—4) =«(1—4)=(2—3) {(2,3)} and any h with 1 € dom(h)
QO (1—2)=x(1—2) & and any h with 1 € dom(h)

Q (1+—2) — "False’ any h with 1 € dom(h)

Q@ (1—2) =" any h with 1 € dom(h)

Q@ (1—2)—=x(1—3) any h with 1 € dom(h)
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Separating implication examples

Exercise: Among the following heap entailments, which hold?
Pe(Q -+ PxQ)

(Q—=*P+Q)=>P

(1~ 2) = (1~ 3)>"False’
(1—-2)%(1—2%2—>8)=>2+—38

"%« PP

Ps""=P

"> (P=Q - P=xQ)

"P>=Q'=>(P Q)

(P+Q)=>"P=Q'

0000000 O0CO
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

"> (P=Q - P=xQ)
"P>=Q'=>(P Q)
(P+Q)=>"P=Q'

Q@ P (Q = Px*Q) yes: unfold and behold the definition of =
@ (Q+PsQ)=P

Q@ (1—~2) (1~ 3)r>"False'

0 (152 (12528 =28

Q@ "' «P>P

Q@ P=""=xP

(7]

o

o
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

P (Q = P*Q) yes: unfold and behold the definition of =
(Q =+ P+Q)=>P noeg with P=(Q = "False'

(1~ 2) = (1~ 3)>"False’
(1—-2)%(1—2%2—>8)=>2+—38

"%« PP

Ps""=P

"> (P=Q - P=xQ)

"P>=Q'=>(P Q)

(P+Q)=>"P=Q'

0000000 O0CO
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

"> (P=Q - P=xQ)
"P>=Q'=>(P Q)
(P+Q)=>"P=Q'

Q@ P (Q = Px*Q) yes: unfold and behold the definition of =
Q@ (Q—+«P=xQ)=>P noeg with P=(Q = False’

Q@ (1—~2) (1~ 3)="False’ noeg. {(1,4)} satisfies left
0 (152 (12528 =28

Q@ '"«P>P

Q@ P=""=xP

o

o

o
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

"> (P=Q - P=xQ)
"P>=Q'=>(P Q)
(P+Q)=>"P=Q'

Q@ P (Q = Px*Q) yes: unfold and behold the definition of =
Q@ (Q—+«P=xQ)=>P noeg with P=(Q = False’

Q@ (1—~2) (1~ 3)="False’ noeg. {(1,4)} satisfies left
QO (1—-2)«%(1—2%«2—8)=>2~8 no (same)

Q@ '"«P>P

Q@ Po"" %P

o

o

o
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

P (Q = P*Q) yes: unfold and behold the definition of =
(Q =+ P+Q)=>P noeg with P=(Q = "False'

(1~ 2) = (1~ 3)>"False’ noe.g. {(1,4)} satisfies left
(1—2)%*(1—2%2—8)=>2+8 no (same)

"% PP vyes, and...
Ps""=P

"> (P=Q - P=xQ)
"P>=Q'=>(P Q)
(P+Q)=>"P=Q'

0000000 O0CO
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

P (Q = P*Q) yes: unfold and behold the definition of =
(Q =+ P+Q)=>P noeg with P=(Q = "False'

(1~ 2) = (1~ 3)>"False’ noe.g. {(1,4)} satisfies left
(1—2)%*(1—2%2—8)=>2+8 no (same)

"% PP vyes, and...

Pe=""%P ..yes: Pand "' — P are equivalent
"> (P=Q - P=xQ)

"P>=Q'=>(P Q)

(P+Q)=>"P=Q'

0000000 O0CO
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

P (Q = P*Q) yes: unfold and behold the definition of =
(Q =+ P+Q)=>P noeg with P=(Q = "False'

(1~ 2) = (1~ 3)>"False’ noe.g. {(1,4)} satisfies left
(1—2)%*(1—2%2—8)=>2+8 no (same)

"% PP vyes, and...

Pe=""%P ..yes: Pand "' — P are equivalent

"' (P = Q - PxQ) yes: unfold = and obtain approx. (1)
"P>=Q'=>(P Q)

(P+Q)=>"P=Q'

0000000 O0CO
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

P (Q = P*Q) yes: unfold and behold the definition of =
(Q =+ P+Q)=>P noeg with P=(Q = "False'

(1~ 2) = (1~ 3)>"False’ noe.g. {(1,4)} satisfies left
(1—2)%*(1—2%2—8)=>2+8 no (same)

"% PP vyes, and...

Pe=""%P ..yes: Pand "' — P are equivalent

"' (P = Q - PxQ) yes: unfold = and obtain approx. (1)
'P>=Q'> (P —= Q) vyes

(P+Q)=>"P=Q'

0000000 O0CO
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

P (Q = P*Q) yes: unfold and behold the definition of =
(Q =+ P+Q)=>P noeg with P=(Q = "False'

(1~ 2) = (1~ 3)>"False’ noe.g. {(1,4)} satisfies left
(1—2)%*(1—2%2—8)=>2+8 no (same)

"% PP vyes, and...

Pe=""%P ..yes: Pand "' — P are equivalent

"' (P = Q - PxQ) yes: unfold = and obtain approx. (1)
'P>=Q'> (P —= Q) vyes

(P=Q)=>"P=Q" noeg. P=""andQ =12

0000000 O0CO
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Chapter 19

Higher-order representation predicates and the access problem
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Specification of construction, for basic values

v

qzvm G g N

{p’ ~ MList L} (conszp’) {A\p. p ~ MList (x :: L)}
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Specification of construction

L(Tﬂ'\‘(@
L

—Ll

t@*f@“fmfg“@

{x ~» RX * p/ ~> Mlistof R L} (conszp’) {\p. p ~ Mlistof R (X :: L)}
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Specification of deconstruction

43
-

@D .

| i@

(*

{p ~» Mlistof R (X :: L)}
uncons p

{Az,p). £~ RX % p' ~ Mlistof R L}
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Specification of accesses: the problem

e
“p

@D -

=)

a

Incorrect specification for head:

{p ~ Mlistof R (X :: L)}
head p
{Ax. 2z~ RX % p~> Mlistof R(X :: L)}
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Specification of accesses: a brute force solution

Pt !
S O e,
r RYCR
N B
p~ Mlistof RL = dK. p~> MListK
* ®icqo,... -1y EK[id) ~ R(L[])
« K[ =|L]"
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Specification of accesses: focus before read

QZV“‘F‘(“
=

>

'-@"E@““—?ﬁ?‘g

p~ Mlistof R(X :: L) = 3Jzp’. p~ {hd=z; tI=p'|}
* T~ RX
¥ p/ ~» Mlistof RL
Then read using:

{p = {hd=z; ti=p'}} (p.hd) {Ay. "y = 2" % p — {hd=z; tI=p'}}
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Specification of accesses with separating implication

e
= p

@& -

(V8

-

)

Correct specification with —x:
{p ~» Mlistof R (X :: L)}
headp
{AMe. 2~ RX % (x~~»RX — p~> Mlistof R(X :: L))}
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Specification of accesses with separating implication

jow | )
ErEee
e B
ARt 3 @D -

>

K @)

Correct specification with —x:
{p ~» Mlistof R (X :: L)}
head p
{AMe. 2~ RX % (x~~»RX — p~> Mlistof R(X :: L))}

Exercise: What problem is there, e.g. if x ~» RX is 2z — X (i.e.
R = Ref)? How to generalize the specification to solve this problem?
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Specification of accesses with separating implication
?Z“IE’NGZI’“F[\’@

ll

A

Correct specification with —, generalized:
{p ~> Mlistof R(X :: L)}
headp
M.z~ RX » (VX',z~~ RX" - p~s Mlistof R (X' :: L))}
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Reminder keywords

for while swap
iter miter fold_ left
p ~» Mlistof R L P —qQ
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f ~ Countn

map

head
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