
Exercise 1. Specify functions on queues using an HO representation predicate written
𝑝⇝ Queueof𝑅𝐿 (you can write “Q𝑅” instead of “Queueof𝑅”).

@. . . t u pcreate()q t u

@. . . t u ppush𝑥 𝑝q t u

@. . . t u ppop 𝑝q t u

@. . . t u pconcat 𝑝 𝑝1q t u

Exercise 2. specify a function copy 𝑓 𝑝 that duplicates a mutable queue specified using
Queueof, where 𝑓 is a function to duplicate items.

@. . .
`

@𝑥𝑋. t u p𝑓 𝑥q t u
˘

ñ t u pcopy 𝑓 𝑝q t u

Exercise 3. rewrite the definition of Mlistof using MCellof.

𝑝⇝ Mlistof𝑅𝐿 ” match𝐿with
| nil ñ x𝑝 “ nully
|𝑋 :: 𝐿1 ñ . . . . . . . . . . . . . . . .

Exercise 4. rewrite the definition of Narytreeof using Nodeof1.

𝑝⇝ Narytreeof𝑅𝑇 ” match𝑇 with
| Leaf ñ x𝑝 “ nully
|Node𝑋 𝐿 ñ . . . . . . . . . . . . . . . .

Exercise 5. specify the function miter, using an invariant of the form 𝐽 𝐾 𝐾 1, describing
the state before and the state after the iteration.

@𝑓𝑝𝑅𝐿𝐽.
`

@𝑥𝑋 . t𝑥⇝ 𝑅𝑋 u

p𝑓 𝑥q

t𝜆 . u

˘

ñ t𝑝⇝ Mlistof𝑅𝐿 ˚ u

pmiter 𝑓 𝑝q

t𝜆 . u

Exercise 6. using the representation predicates Ref (i.e. 𝑥⇝ Ref𝑋 ” 𝑥 ÞÑ 𝑋) and Mlistof,
specify the function incr and miter incr. What is 𝐽 𝐾 𝐾 1?

t u pincr 𝑥q t𝜆 . u

t u pmiter incr 𝑝q t𝜆 . u

𝐽 𝐾 𝐾 1 “



Exercise 7. Give a proof sketch of the declarations; specify and prove the function.

{ }
let r = ref 0

{ }
let s = ref n

{ }
{ }
let p = create_lock ()

{ }

let concurrent_step () =

{ }
acquire_lock p;

{ }
{ }
incr r; decr s;

{ }
{ }
release_lock p

{ }
Exercise 8. Give a lock invariant: 𝐻 “

that allows proving the program below. Then prove the program below.

txTrueyu

let r = ref 0 and r1 = ref 0 and r2 = ref 0

t u

t u

let p = create_lock ()

t u

t u

t u t u

acquire_lock p; acquire_lock p;

t u . . . . t u . . . .

t u t u

r := !r + 1; r := !r + 1;

t u t u

t u t u

r1 := !r1 + 1; r2 := !r2 + 1;

t u t u

t u t u

t u t u

release_lock p; release_lock p;

t u t u

t u

acquire_lock p;

t u

t u

assert (!r == 2);
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