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Specifications of iter

Invariant on past elements:

ITER-PAST
Vak {1k} fo{\.I(k&z)}

v {Inil} iter fI{\_. I}

Invariant on future elements:

ITER-FUTURE
Vak {I' (x = k)} fo{ . I'k}

{I'l} iter f1 {\_. I'nil}

VLI
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Application of iter

ITER-PAST ITER-FUTURE
o Vak {Tk} fa{A. I(k&x)} Vak {I' (x :: k)} fo{ . I'k}
PES T nil} iter 1A T} ("1} 1ter 1 (A I'nil}

let length 1 =
let r = ref 0 in
iter (fun x -> incr r) 1;
Ir

Exercise: Use rule ITER-PAST to prove length

Exercise: Use rule ITER-FUTURE to prove length
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Proof of length with ITER-PAST

ITER-PAST
Vak {Ik} fo{\. I (k&z)}

{Inil} iter fI{A_. I}
Choose I k=1 +— |k|

{"'}

let r = ref O

{r >0}

{1}

iter (fun x -> incr r) 1;
(r

fr e (11

'r

(. =[]}
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Proof of length with ITER-PAST

ITER-PAST
Vak {Ik} fo{\. I (k&z)}

{Inil} iter fI{A_. Il}

Choose I k=1 +— |k|

{r1} {Ik}

let r = ref O

{r — 0} {r — |k}

{I []} (fun x -> incr r) x
iter (fun x -> incr r) 1; Tncr .

Il

e re [kl + 3

. {r— |k&z|}

Do = (I} {7 (kéew)}
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Proof of length with ITER-FUTURE

ITER-FUTURE
Vak {I' (x :: k)} fo{ . I'k}

(I'l} iter f1 {\. I'nil}
Choose I' k = r — |I| — | K|

{"'}

let r = ref O

{r— 0}

{r— {1} = I}

{11}

iter (fun x -> incr r) 1;
(1)}

{r— 1] =11}

{r — 1]}

(. = I}

Jean-Marie Madiot (Inria Paris) Separation Logic 3/4



Proof of length with ITER-FUTURE

ITER-FUTURE
Vak {I' (x :: k)} fo{ . I'k}
{I'l} iter f1 {\_. I'nil}

Choose I' k = r — |I| — | K|

{"'}

let r = ref O B

et o e k)

{r > I1] ] &

{11} (Nflln x -> incr r)
iter (fun x -> incr r) 1; -

il mer

fre= 1 = 1011} ng I;I - Iﬁ{}' K+ 1)
o (k)

{\v. v ="}
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Application of iter

ITER-PAST ITER-FUTURE

Vak {Ik} fo{\. I (k&z)} Vak {I' (x :: k)} fo{\. I'k}
specs:
. {I nil} iter f1 {/\,. Il} {I’l} iter f1 {)\,. I’nil}

Exercise: Give an example where ITER-PAST is insufficient. Adapt the
premise of the rule to allow your example.
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Application of iter

ITER-PAST ITER-FUTURE

Vak {Ik} fo{\. I (k&z)} Vak {I' (x :: k)} fo{\. I'k}
specs:
. {I nil} iter fl {/\,. IZ} {I/l} iter fl {)\,. I’nil}

Exercise: Give an example where ITER-PAST is insufficient. Adapt the
premise of the rule to allow your example.

iter (fun x -> assert (x < 7)) [1; 2; 3; 4]
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Application of iter

ITER-PAST ITER-FUTURE

Vak {Ik} fo{\. I (k&z)} Vak {I' (x :: k)} fo{\. I'k}
specs:
. {1 nil} iter fl {/\,. IZ} {I/l} iter fl {)\,. I’nil}

Exercise: Give an example where ITER-PAST is insufficient. Adapt the
premise of the rule to allow your example.

iter (fun x -> assert (x < 7)) [1; 2; 3; 4]
Adaptation of premise: Vak. x € | = {I k} fa {\_. I (k&z)}
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Application of iter

ITER-PAST ITER-FUTURE
o Vak {Tk} fa{\. I(k&r)} Vak {I' (x :: k)} fo{\. I'k}
PES T il dter f1 (A 11 (I'l} iver f1 (). I'nil}

Exercise: Give an example where ITER-PAST is insufficient. Adapt the
premise of the rule to allow your example.

iter (fun x -> assert (x < 7)) [1; 2; 3; 4]
Adaptation of premise: Vak. x € | = {I k} fa {\_. I (k&z)}

let r = ref 54321 in
iter (fun x —> assert (!r mod 10 = x); r := !'r / 10)
....what are the possible arguments?
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Application of iter

ITER-PAST ITER-FUTURE
- Vak {Tk} fa{A. I(k&x)} Vak {I' (x :: k)} fo{\. I'k}
PES T i} iter 1A T1) (I'l} 1ter 1 {\. I'nil}

Exercise: Give an example where ITER-PAST is insufficient. Adapt the
premise of the rule to allow your example.

iter (fun x -> assert (x < 7)) [1; 2; 3; 4]
Adaptation of premise: Vak. x €l = {I k} fx {\_. I (k&z)}

let r = ref 54321 in
iter (fun x -> assert (!'r mod 10 = x); r := !r / 10)
[1; 2; 3; 4]
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Application of iter

ITER-PAST ITER-FUTURE
- Vak {Tk} fa{A. I(k&x)} Vak {I' (x :: k)} fo{\. I'k}
PES T i} iter 1A T1) (I'l} 1ter 1 {\. I'nil}

Exercise: Give an example where ITER-PAST is insufficient. Adapt the
premise of the rule to allow your example.

iter (fun x -> assert (x < 7)) [1; 2; 3; 4]
Adaptation of premise: Vak. x €l = {I k} fx {\_. I (k&z)}

let r = ref 54321 in
iter (fun x -> assert (!'r mod 10 = x); r := !r / 10)

[1; 2; 3; 4]
Adaptation: Vzk. prefix(k&a,l) = {I k} fz { .. I (k&z)}
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Proof of ITER-FUTURE

Suppose I’, f such that Vak {I' (x :: k)} fa {\. I'"k} (x).

let rec iter (f : ’a -> unit) (1 : ’a list) =
match 1 with
| 1 -> 0
| x::t -> f x; iter f t

We prove {I'l} iter f1 {\_. I’ nil} by induction on .

{I' (x :: 1)}

fx by ()
(e

iter ft by I.H.,
(1 nil}
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Proof of ITER-FUTURE = ITER-PAST

ITER-FUTURE ITER-PAST
Vak {I' (x :: k)} fo{\. I'k} Vak {1k} fo{\. I (k&z)}
{I/l} iter f1 {)\,. I’nil} - {I nil} iter f1 {)\,. IZ}

Suppose: f, I, I such that Vak {I k} fx {\_. I (k&z)} (x).
Prove: {Inil} iter f1 {A\_. Il}.
Choose I' s =
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Proof of ITER-FUTURE = ITER-PAST

ITER-FUTURE ITER-PAST
Vak {I' (x :: k)} fo{\. I'k} Vak {1k} fo{\. I (k&z)}
{I/l} iter f1 {)\,. I’nil} - {I nil} iter f1 {)\,. IZ}

Suppose: f, I, I such that Vak {I k} fx {\_. I (k&z)} (x).
Prove: {Inil} iter f1 {A\_. Il}.
Choose I's = 3k."l = k+s'=1k.

Jean-Marie Madiot (Inria Paris) Separation Logic 3/4



Proof of ITER-FUTURE = ITER-PAST

ITER-FUTURE ITER-PAST
Vak {I' (x :: k)} fo{\. I'k} Vak {1k} fo{\. I (k&z)}
{I/l} iter f1 {)\,. I’nil} - {I nil} iter f1 {)\,. IZ}

Suppose: f, I, I such that Vak {I k} fx {\_. I (k&z)} (x).
Prove: {Inil} iter f1 {A\_. Il}.
Choose I's = 3k."l = k+s'=1k.

(Inily iter f1 (M. 11} CONSEQ
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Proof of ITER-FUTURE = ITER-PAST

ITER-FUTURE ITER-PAST
Vak {I' (x :: k)} fo{\. I'k} Vak {1k} fo{\. I (k&z)}
{I'l} iter f1 {\_. I'nil} - {Inil} iter fI{A_. I}

Suppose: f, I, I such that Vak {I k} fx {\_. I (k&z)} (x).
Prove: {Inil} iter f1 {A\_. Il}.
Choose I's = 3k."l = k+s'=1k.

Inil=1'1 I'nil>T1
{Inil} iter fI{\_. I}

CONSEQ
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Proof of ITER-FUTURE = ITER-PAST

ITER-FUTURE ITER-PAST
Vak {I' (x :: k)} fo{ . Tk} Vak {1k} fo{\. I (k&z)}
{I'l} iter f1 {\_. I'nil} - {Inil} iter fI{A_. I}

Suppose: f, I, I such that Vak {I k} fx {\_. I (k&z)} (x).
Prove: {Inil} iter f1 {A\_. Il}.
Choose I's = 3k."l = k+s'=1k.

IT.F.
Inile1I'l (I'lyiter fL (0 I'nil}  Inil 11
{Inil} iter fI{\_. I}

CONSEQ
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Proof of ITER-FUTURE = ITER-PAST

ITER-FUTURE ITER-PAST
Vak {I' (x :: k)} fo{ . Tk} Vak {1k} fo{\. I (k&z)}
=
{I'l} iter f1 {\_. I'nil} {Inil} iter fI{A_. I}

Suppose: f, I, I such that Vak {I k} fx {\_. I (k&z)} (x).
Prove: {Inil} iter f1 {A\_. Il}.
Choose I's = 3k."l = k+s'=1k.

l=kHs= LY
I;V1;3L;PROP-L
Vas {I' (z :: 8)} fo{\. I's}
T.F.
Inil=1T1'1 {I'l} iter f1 {\.. I'nil} I'nil>1T11

(Tnily iter f1 (M. 11} CONSEQ
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Proof of ITER-FUTURE = ITER-PAST

ITER-FUTURE ITER-PAST
Vak {I' (x :: k)} fo{ . Tk} Vak {1k} fo{\. I (k&z)}
=
{I'l} iter f1 {\_. I'nil} {Inil} iter fI{A_. I}

Suppose: f, I, I such that Vak {I k} fx {\_. I (k&z)} (x).
Prove: {Inil} iter f1 {A\_. Il}.
Choose I's = 3k."l = k+s'=1k.

(%) I (k&z)=1's

l=k+s={Ik} fo{\.Is}

Vas {I' (z :: 8)} fo{\. I's}

Inile1I'l (I'ly iter f1 (0 I'nil} il 11
{Inil} iter fI{\_. I}

CONSEQ

V1;V1;3L;PROP-L

CONSEQ
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Other higher-order functions

ITER-PAST
Vak {Ik} fo{\. I (k&x)}

{Inil} iter fI{A_. I}

MITER
Vak {Ik} fo{\. I (k&z)}

{Inil « p ~~ MList{} miter fp {A_. Il *p~~ MListl}

FoLp
Vaik {Jik} fiz {\j. Jj(k&z)}

{(Janil} fold fal {\b. Jbl}

Map
Vakk {JkK'} fo{). J(k&x) (K &a')}

{Jnilnil} map f1L{N'. JUU'}
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Separating implication
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Separating implication or “magic wand”
Recalling separating conjunction:

(Pl*Pg)h = 3h],h2.h2h1wh2AP1h]AP2h2

Introducing separating implication:

(P+Q)h = VYhi.hLhianPhi= Q(hwh)
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Separating implication or “magic wand”
Recalling separating conjunction:

(P]xpg)h = th,hg.h:hlwhg/\Plhl /\PQhQ

Introducing separating implication:

(P+Qh = VYhi.hLhiAPh = Q(hwhy)

Intuitions:

Separation Logic | Linear Logic
(P=+Q)*P > @ PxQ PRQ
P —=Q P —oqQ

Rules:
R+PQ R+ (P —=Q) Ry - P
R+ (P —=Q) Ri*Ry-Q
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Separating implication examples

(P—=+Q)h = VYhi.hlLh APhy= Q(hwhy)

Exercise: Give heaps satisfying the following predicates:
r % (1 —s 2)
"False’ — (1 — 2)

r$>11_*rm>01
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Separating implication examples

(P—=+Q)h = VYhi.hlLh APhy= Q(hwhy)

Exercise: Give heaps satisfying the following predicates:
T (1 2) {(1,2)}
"False’ — (1 — 2)

r$>11_*rm>01
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Separating implication examples

(P—=+Q)h = VYhi.hlLh APhy= Q(hwhy)

Exercise: Give heaps satisfying the following predicates:
T (1 2) {(1,2)}
"False’ — (1 — 2) all heaps

=21 ="2>0

q
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Separating implication examples

(P—=+Q)h = VYhi.hlLh APhy= Q(hwhy)

Exercise: Give heaps satisfying the following predicates:
T (1 2) {(1,2)}
"False’ — (1 — 2) all heaps

r=21"—="2>0 only &
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Separating implication examples

(P—=+Q)h = VYhi.hlLh APhy= Q(hwhy)

Exercise: Give heaps satisfying the following predicates:

Q" (1-2) (1,2}
@ 'False’ — (1 — 2) all heaps

Q@ z=>21"="z=>0 only J

Q (1—4)=(1—4)x(2—3) {(2,3)} and any h with 1 € dom(h)
QO (1—2) «(1—2)

Q (1—2)— "False’

Q@ (1—~2)—=""

Q (1—~2)=(1—3)
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Separating implication examples

(P—=+Q)h = VYhi.hlLh APhy= Q(hwhy)

Exercise: Give heaps satisfying the following predicates:

0" (12 (1,2}
@ 'False’ — (1 — 2) all heaps

Q@ z=21"=«"2=0 only ¥

Q (1—4)=(1—4)x(2—3) {(2,3)} and any h with 1 € dom(h)
QO (1—2)=(1—2) & and any h with 1 € dom(h)

Q (1—2)— "False’

Q@ (1—~2)—=""

Q (1—~2)=(1—3)
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Separating implication examples

(P—=Q)h = VYhi.hLlh APhy = Q(hwh)

Exercise: Give heaps satisfying the following predicates:

0" (12 (1,2}
@ 'False’ — (1 — 2) all heaps

Q@ z=21"=«"2=0 only ¥

Q (1—4)=(1—4)x(2—3) {(2,3)} and any h with 1 € dom(h)
QO (1—2)=(1—2) & and any h with 1 € dom(h)

Q (1~ 2)— "False' any h with 1 € dom(h)

Q@ (1—~2)—=""

Q (1—~2)=(1—3)
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Separating implication examples

(P—=Q)h = VYhi.hLlh APhy = Q(hwh)

Exercise: Give heaps satisfying the following predicates:

Q" (1-2) (1,2}
@ 'False’ — (1 — 2) all heaps

Q@ z=21"=«"2=0 only ¥

Q (1—4)=(1—4)x(2—3) {(2,3)} and any h with 1 € dom(h)
QO (1—2)=(1—2) & and any h with 1 € dom(h)

Q (1~ 2)— "False' any h with 1 € dom(h)

Q@ (1—~2)—="" any h with 1 € dom(h)

Q (1—~2)=(1—3)
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Separating implication examples

(P—=Q)h = VYhi.hLlh APhy = Q(hwh)

Exercise: Give heaps satisfying the following predicates:

0" (12 (1,2}
@ 'False’ — (1 — 2) all heaps

Q@ z=21"=«"2=0 only ¥

Q (1—4)=(1—4)x(2—3) {(2,3)} and any h with 1 € dom(h)
QO (1—2)=(1—2) & and any h with 1 € dom(h)

Q (1~ 2)— "False' any h with 1 € dom(h)

Q@ (1—~2)—="" any h with 1 € dom(h)

QO (1—2)=(1—3) any h with 1 € dom(h)
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Separating implication examples

Exercise: Among the following heap entailments, which hold?
Pe(Q - PxQ)

(Q+P+Q) =P

(1~ 2) = (1~ 3)>"False'
1—-2)%(1—2%2—>8)=>2+—38

"%« PP

Ps>""=P

e (P Qs PrQ)

PeQ =(P+Q)

(P+Q)="P=qQ

0000000 O0CO
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

T (P Qe PQ)
Pe=Q > (P —=Q)
(P+Q)="P=Q"

Q@ P (Q =« Px*Q) yes: unfold and behold the definition of =
Q@ (Q=P+xQ)=P

Q (1—2)—= (1~ 3)> "False’

QO (1—-2)+(1—->2%x2—8) =238

Q@ '"+«P>P

Q@ P>""=xP

(7]

o

o
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

P (Q =« P*Q) yes: unfold and behold the definition of =
(Q+P*Q)=>P noeg with P=(Q = "False'

(1~ 2) = (1~ 3)>"False'
1—-2)%(1—2%2—>8)=>2+—38

"%« PP

Ps>""=P

T (P Q- PxQ)

PeQ =(P Q)

(P=Q)="P=qQ

0000000 O0CO

Jean-Marie Madiot (Inria Paris) Separation Logic 3/4 February 17, 2026 13 /42



Separating implication examples

Exercise: Among the following heap entailments, which hold?

T (P Qe PQ)
Pe=Q > (P —=Q)
(P+Q)="P=Q"

Q@ P (Q =« Px*Q) yes: unfold and behold the definition of =
Q@ (Q—=+P=xQ)=>P noeg. with P=(Q = False’

Q@ (1—~2) = (1~ 3)>"False’ noeg. {(1,4)} satisfies left
QO (1—-2)+(1—->2%x2—8) =238

Q@ "'+« PP

Q@ Po"" =P

o

o

o
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

T (P Qe PQ)
Pe=Q > (P —=Q)
(P+Q)="P=Q"

Q@ P (Q =« Px*Q) yes: unfold and behold the definition of =
Q@ (Q—=+P=xQ)=>P noeg. with P=(Q = False’

Q@ (1—~2) = (1~ 3)>"False’ noeg. {(1,4)} satisfies left
Q (1—-2) +«(1—2%2—8)>2+8 no (same)

Q@ "'+« PP

Q@ Po"" =P

o

o

o
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

P (Q =« P*Q) yes: unfold and behold the definition of =
(Q+P*Q)=>P noeg with P=(Q = "False'

(1—~2)—= (1~ 3)>"False’ noe.g. {(1,4)} satisfies left
(1—2)*(1—2%2—8)=>2+8 no (same)

"% PP vyes, and...
Ps>""=P

e (P Qo P3Q)
PeQ =(P Q)
(P+Q)="P=Q

0000000 O0CO
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

P (Q =« P*Q) yes: unfold and behold the definition of =
(Q+P*Q)=>P noeg with P=(Q = "False'

(1—~2)—= (1~ 3)>"False’ noe.g. {(1,4)} satisfies left
(1—2)*(1—2%2—8)=>2+8 no (same)

"% PP vyes, and...

Pe=""—=%P ..yes: Pand "' — P are equivalent
e (P Qo P3Q)

PeQ (P +Q)

(P+Q)="P=Q

0000000 O0CO
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

P (Q =« P*Q) yes: unfold and behold the definition of =
(Q+P*Q)=>P noeg with P=(Q = "False'

(1—~2)—= (1~ 3)>"False’ noe.g. {(1,4)} satisfies left
(1—2)*(1—2%2—8)=>2+8 no (same)

"% PP vyes, and...

Pe=""—=%P ..yes: Pand "' — P are equivalent

"> (P = Q —« P=xQ) yes: unfold = and obtain approx. (1)
PeQ (P +Q)

(P+Q)="P=Q

0000000 O0CO
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

P (Q =« P*Q) yes: unfold and behold the definition of =
(Q+P*Q)=>P noeg with P=(Q = "False'

(1—~2)—= (1~ 3)>"False’ noe.g. {(1,4)} satisfies left
(1—2)*(1—2%2—8)=>2+8 no (same)

"% PP vyes, and...

Pe=""—=%P ..yes: Pand "' — P are equivalent

"> (P = Q —« P=xQ) yes: unfold = and obtain approx. (1)
'P>Q"'=> (P Q) yes

(P+Q)="P=Q

0000000 O0CO
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Separating implication examples

Exercise: Among the following heap entailments, which hold?

P (Q =« P*Q) yes: unfold and behold the definition of =
(Q+P*Q)=>P noeg with P=(Q = "False'

(1—~2)—= (1~ 3)>"False’ noe.g. {(1,4)} satisfies left
(1—2)*(1—2%2—8)=>2+8 no (same)

"% PP vyes, and...

Pe=""—=%P ..yes: Pand "' — P are equivalent

"> (P = Q —« P=xQ) yes: unfold = and obtain approx. (1)
'P>Q"'=> (P Q) yes

(P+Q)="P=Q" noeg. P=""andQ =1+ 2

0000000 O0CO
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Higher-order representation predicates
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Mlist with a representation predicate as parameter

Mutable list representing L : list A using a parameter R : A — Val — Prop

p ~= listof R L = match L with
| nil = "p = null’
| X oL =3up'. pe(z,p)
% p/ ~ listof 7 L'/
xr ~> RX
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Mlist with a representation predicate as parameter

Mutable list representing L : list A using a parameter R : A — Val — Prop

p ~= listof R L = match L with
| nil = "p = null’
| X oL =3up'. pe(z,p)
x p' ~ listof # L'
xx~> RX

Remarks:
@ the z; ~» R X,'s are separated by = in listof R [ X1; X2]
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Mlist with a representation predicate as parameter

Mutable list representing L : list A using a parameter R : A — Val — Prop

p ~= listof R L = match L with
| nil = "p = null’
| X oL =3up'. pe(z,p)
x p' ~ listof # L'
xx~> RX

Remarks:
@ the z; ~» R X,'s are separated by = in listof R [ X1; X2]

@ we can compose, e.g. listof (listof Array)
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@ we can compose, e.g. listof (listof Array)
@ (p~ MListL) < (p~» listofld L) with Id X = \z."z = X"

Jean-Marie Madiot (Inria Paris) Separation Logic 3/4 February 17, 2026

15 /42



Mlist with a representation predicate as parameter

Mutable list representing L : list A using a parameter R : A — Val — Prop

p ~= listof R L = match L with
| nil = "p = null’
| X o L'=32p. pe(z,p)
x p' ~ listof # L'
xx~> RX

Remarks:
@ the z; ~» R X,'s are separated by = in listof R [ X1; X2]
@ we can compose, e.g. listof (listof Array)
@ (p~ MListL) < (p~» listofld L) with Id X = \z."z = X"

o listof MList not appropriate for aliased sublists
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Specs with H.-O. representation predicates

For base values:

{p’ ~» MList L} consz p’ {\p. p ~» MList (z :: L)}
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Specs with H.-O. representation predicates

For base values:
{p’ ~» MList L} consz p’ {\p. p ~» MList (z :: L)}
With a higher-order representation predicate:

{x ~» RX xp' ~ listof R L} conszp’ {Ap. p ~ listof R(X :: L)}
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Specs with H.-O. representation predicates

For base values:
{p’ ~» MList L} consz p’ {\p. p ~» MList (z :: L)}
With a higher-order representation predicate:

{x ~» RX xp' ~ listof R L} conszp’ {Ap. p ~ listof R(X :: L)}

{p ~ listof R (X :: L)} unconsp {A(z,p’). x ~» RX #p' ~ listof R L}
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Specs with H.-O. representation predicates

For base values:
{p’ ~ MList L} consx p' {A\p. p ~ MList (z :: L)}
With a higher-order representation predicate:

{x ~» RX xp' ~ listof R L} conszp’ {Ap. p ~ listof R(X :: L)}
{p ~ listof R (X :: L)} unconsp {A(z,p’). x ~» RX #p' ~ listof R L}

{p~listof R(X = L)} p.hd {Az.z~> RX *p~listof R(X :: L)}
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Specs with H.-O. representation predicates

For base values:
{p’ ~ MList L} consx p' {A\p. p ~ MList (z :: L)}
With a higher-order representation predicate:

{x ~» RX xp' ~ listof R L} conszp’ {Ap. p ~ listof R(X :: L)}
{p ~ listof R (X :: L)} unconsp {A(z,p’). 2 ~ RX % p’ ~~ listof R L}

{p~listof R(X = L)} p.hd {Az. 2z~ RX xp~listof R(X :: L)}

Last postcondition cannot hold because/thanks to separation.
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Accessor spec and H.-O. representation predicate
Incorrect specification for p.hd:
{p~listof R(X :: L)} p.hd {A\x. x ~» RX #p~ listof R(X :: L)}

Exercise: What is a correct postcondition for p.hd?
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Accessor spec and H.-O. representation predicate
Incorrect specification for p.hd:

{p~listof R(X :: L)} p.hd {Ax. x ~» RX % p~listof R(X :: L)}
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Accessor spec and H.-O. representation predicate
Incorrect specification for p.hd:
{p~listof R(X :: L)} p.hd {Ax. x ~» RX % p~listof R(X :: L)}
Exercise: What is a correct postcondition for p.hd?
At. v RX % (x ~» RX — p~listof R(X :: L))
Exercise: Give an example program for which this postcondition is

insufficient, for example for list of mutable objects. What is a
postcondition for p.hd that fixes this problem?
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Accessor spec and H.-O. representation predicate
Incorrect specification for p.hd:

{p~listof R(X :: L)} p.hd {Ax. x ~» RX % p~listof R(X :: L)}
Exercise: What is a correct postcondition for p.hd?

At. v RX % (x ~» RX — p~listof R(X :: L))

Exercise: Give an example program for which this postcondition is
insufficient, for example for list of mutable objects. What is a
postcondition for p.hd that fixes this problem?

p-hd =1
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Accessor spec and H.-O. representation predicate
Incorrect specification for p.hd:

{p~listof R(X :: L)} p.hd {Ax. x ~» RX % p~listof R(X :: L)}
Exercise: What is a correct postcondition for p.hd?

At. v RX % (x ~» RX — p~listof R(X :: L))

Exercise: Give an example program for which this postcondition is
insufficient, for example for list of mutable objects. What is a
postcondition for p.hd that fixes this problem?

p-hd =1
M.z~ RX « (VY. 2~ RY —p~>listof R(Y :: L))
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Iterator spec and H.-O. representation predicate

Vipll. (Vxk. {I(z:k)} fax{\.Ik})
= {p~ MListl = Il} (miter fp) {\.. p ~ MListl = Inil}

What is a problem with this specification?

VfipLl. (VaXK. {I(X:K)xxz~ RX} fa{A\. IK*z~ RX})
= {p~listof RL « I L} miter fp {\_. p~> listof RL * I nil}
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Iterator spec and H.-O. representation predicate

Vipll. (NVxk. {I(x:k)} foz{\.Tk})
= {p~ MListl = Il} (miter fp) {\.. p ~ MListl = Inil}

What is a problem with this specification?

VfipLl. (VaXK. {I(X:K)xxz~ RX} fa{A\. IK*z~ RX})
= {p~listof RL « I L} miter fp {\_. p~> listof RL * I nil}

Hint: let p = { hd = ref 0; tl = null } in
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Iterator spec and H.-O. representation predicate

Vipll. (NVxk. {I(x:k)} foz{\.Tk})
= {p~ MListl = Il} (miter fp) {\.. p ~ MListl = Inil}

What is a problem with this specification?

VfipLl. (VaXK. {I(X:K)xxz~ RX} fa{A\. IK*z~ RX})
= {p~listof RL « I L} miter fp {\_. p~> listof RL * I nil}

Hint: let p = { hd = ref 0; tl = null } in miter incr p
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Iterator spec and H.-O. representation predicate

Vipll. (NVxk. {I(x:k)} foz{\.Tk})
= {p~ MListl = Il} (miter fp) {\.. p ~ MListl = Inil}

What is a problem with this specification?

VfipLl. (VaXK. {I(X:K)xxz~ RX} fa{A\. IK*z~ RX})
= {p~listof RL « I L} miter fp {\_. p~> listof RL * I nil}

Hint: let p = { hd = ref 0; tl = null } in miter incr p

Exercise: specify the function miter, using an invariant of the form
J K K', where K is remaining to process and K’ is a result list.
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Iterator for listof

{r~RXx+J(X:K)K'}
VeX KK'. fz
(0. 3Y. 2~ RY « JK (K'&Y)}
{p ~ listof RL = J Lnil}

(miter fp)
{A\_.3L. p~~listof RL' % Jnil L'}

Y fpRL.J
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Parallelism and Concurrency

Jean-Marie Madiot (Inria Paris) Separation Logic 3/4



Parallel pairs

A parallel pair, written (|t1,t2]), for evaluating two subterms in parallel.
(Note: one often sees 1 ||ta for let ((), () = (Jt1,t2])in ().)

Computing: ali] + ali +1] + ... + a[j —1].

let rec sum a i j =

if j - i = 1 then a.(i) else begin
let m = (i+j) / 2 in

let (s1,s2) = (| suma i m, sumam j |) in
sl + s2
end
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Parallel pairs

A parallel pair, written (|t1,t2]), for evaluating two subterms in parallel.
(Note: one often sees 1 ||ta for let ((), () = (Jt1,t2])in ().)

Computing: ali] + ali +1] + ... + a[j —1].

let rec sum a i j =

if j - i = 1 then a.(i) else begin
let m = (i+j) / 2 in

let (s1,s2) = (| suma i m, sumam j |) in
sl + s2
end

Generalizable to map-reduce: f(t[0]) ® f(a[l]) ® ... ® f(a[n — 1]).
(on which condition on ®?)
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Reasoning rule for parallel pairs

{Hi} t1 {Q1}  {Ha} t2 {Q2}
{H1 = Ha} (|t1,t2]) {Q1 * Q2}

PARALLEL

where Q1 * Q2 = A(x1,22). Q121 * Q222
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Reasoning rule for parallel pairs

{Hi} t1 {Q1}  {Ha} t2 {Q2}
{H1 = Ha} (|t1,t2]) {Q1 * Q2}

PARALLEL

where Q1 * Q2 = A(x1,22). Q121 * Q222

This rule restricts parallel threads to act on disjoint parts of memory.

(No need for non-interference conditions.)
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Concurrent locks: example

let r = ref O
let s = ref n
let p = newlock()

let concurrent_step () =
acquire p;
incr r;
decr s;
release p

The intention is that concurrent_step () can be called concurrently by
different threads running in parallel.
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Concurrent locks: example

let r = ref O
let s = ref n
let p = newlock()

let concurrent_step () =
acquire p;
incr r;
decr s;
release p

The intention is that concurrent_step () can be called concurrently by

different threads running in parallel.

Heap predicate p ~» Lock H asserts that lock p protects an invariant H.

Here:
ere P~ Lock (3i. (1> i) # (s —n —0))
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Concurrent locks: specification of operations

Representation predicate:

p ~ Lock H

It is duplicable, i.e.:
p~Lock H = p~»LockH # p~» Lock H

Operations:

VH. {H} (newlock () {\p. p ~ Lock H}
VpH. {p ~» Lock H} (acquire p) {\_.. H *p ~~> Lock H}
VpH.{H % p~> Lock H} (release p) {\_. p~> Lock H}
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Concurrent locks: exercise

VH. {H} (newlock ) {A\p. p~ Lock I}
VpH. {p ~ Lock H} (acquire p) {A. H #p~> Lock H}
VpH.{H % p~> Lock H} (release p) {\.. p ~> Lock H}

Hy=p~ Lock (Fi. (r—1) = (s —>n—1))

Exercise: States before/after declarations; specify and prove the function.

let r = ref O
let s = ref n
let p = newlock ()

let concurrent_step () =
acquire p;
incr r; decr s;
release p
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Concurrent locks: exercise

Exercise: States before/after declarations; specify and prove the function.

let r = ref O
let s = ref n
let p = newlock ()

let concurrent_step () =
acquire p;
incr r; decr s;
release p

1: 2: r— 0. 3r—>0%s5—n.

4: prock(Eﬂ. (re—1i) = (s—>n—1)).

7. (r—i)x (s—>n—1i). 8 (r—i+1) * (s—>n-—i.

9: (r—i+1)* (s—mn—1i—1). Instantiate the invariant with ¢ + 1.
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Fractional permissions
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Fractional permissions (Boyland, 2003)

(r s v) with 0 <a <1

Splitting and merging:
(rov) = (rbo) = (Do)« (r B )
More generally, if 0 < o, 5 < 1:

(rofiﬁv) = (rw) « (r'ﬁv)
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Fractional permissions (Boyland, 2003)

(r s v) with 0 <a <1

Splitting and merging:
(rov) = (rbo) = (Do)« (r B )
More generally, if 0 < o, 5 < 1:
(ra'iﬁv) = (rw) « (r'ﬁv)
Values must agree: if 0 < o, 8 < 1:

((Tgv)*(rﬁ»w)) > ((T&v)*(rﬁw)*rv=w1>
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Fractional permissions (Boyland, 2003)

(r s v) with 0 <a <1
Splitting and merging:
(rov) = (rbo) = (Do)« (r B )

More generally, if 0 < o, 5 < 1:
a+p . @ B8
(r = v) = (r—>v)=*(r—o)
Values must agree: if 0 < «, 5 < 1:
((Tgv) * (r'ﬁw)) > ((Tﬁ»v) * (Tﬁw)*rv=w1>
Operations:
("} (ref v) {Ar. 7> 0}
{re> o'} (r = v) AL r > o)
Va. a>0= {rSv} (ir) Pz z=v"% (1> 0)}
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Concurrent locks: can we prove this program?

let r
let p

ref O
newlock()

let £ () =
acquire p;
incr r;
release p

let () =
let _ = (] £O, £O ) in
acquire p;
assert (!r == 2)
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Attempt to prove incr2

let r = ref O

let p = newlock()

let £ () = acquire p; incr r; release p

let () =1let _ = (I £O, £O |) in acquire p; assert (!r == 2)

rewritten graphically as:

let r = ref O

let p = newlock()
acquire p; acquire p;
r := !r + 1; r := Ilr + 1;
release p; release p;

acquire p;
assert (!'r == 2);
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Attempt to prove incr2

let r = ref O

let p = newlock()

let £ () = acquire p; incr r; release p

let () =1let _ = (I £O, £O |) in acquire p; assert (!r == 2)

rewritten graphically as:

let r = ref O

let p = newlock()
acquire p; acquire p;
r := !r + 1; r := Ilr + 1;
release p; release p;

acquire p;
assert (!'r == 2);

p ~> Lock (777)
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Attempt to prove incr2

let r = ref O

let p = newlock()

let £ () = acquire p; incr r; release p

let () =1let _ = (I £O, £O |) in acquire p; assert (!r == 2)

rewritten graphically as:

let r = ref O

let p = newlock()
acquire p; acquire p;
r := !r + 1; r := Ilr + 1;
release p; release p;

acquire p;
assert (!'r == 2);

p ~ Lock (In. 7 +— n)
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Attempt to prove incr2

let r = ref O

let p = newlock()

let £ () = acquire p; incr r; release p

let () =1let _ = (I £O, £O |) in acquire p; assert (!r == 2)

rewritten graphically as:

let r = ref O

let p = newlock()
acquire p; acquire p;
r := !r + 1; r := Ilr + 1;
release p; release p;

acquire p;
assert (!'r == 2);

p~Lock(@n. r—mnx" .07 ...7)
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Attempt to prove incr2

let r = ref O

let p = newlock()

let £ () = acquire p; incr r; release p

let () =1let _ = (I £O, £O |) in acquire p; assert (!r == 2)

rewritten graphically as:

let r = ref O

let p = newlock()
acquire p; acquire p;
r := !r + 1; r := Ilr + 1;
release p; release p;

acquire p;
assert (!'r == 2);

p~ Lock(An. r—>mnx" .07 .07

Problem: it is impossible to prove, only with invariants, that this program
does not crash (i.e. to prove { True'} program { True'}).
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Second attempt with auxiliary variables

let r = ref O
let r1 = ref O
let r2 = ref O
let p = newlock()

acquire p;
r := lr + 1;
rl := Irl + 1;

release p;

acquire p;
assert (!r ==

Jean-Marie Madiot (Inria Paris)
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acquire p;
r := Ilr + 1;
r2 := lr2 + 1;

release p;

2);
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Second attempt with auxiliary variables

let r = ref O
let r1 = ref O
let r2 = ref O
let p = newlock()

acquire p; acquire p;

r := lr + 1; r := Ilr + 1;
rl := Irl + 1; r2 := lr2 + 1;
release p; release p;

acquire p;
assert (!r == 2);

Exercise: Find a lock invariant and then prove {True} program {True}.

: . . 1/2
Hint: you can define a (temporary!) notation £ — v = ¢ Mz .
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Second attempt with auxiliary variables

let r = ref O
let r1 = ref O
let r2 = ref O
let p = newlock()

acquire p; acquire p;

r := lr + 1; r := Ilr + 1;
rl := Irl + 1; r2 := lr2 + 1;
release p; release p;

acquire p;
assert (!r == 2);

Exercise: Find a lock invariant and then prove {True} program {True}.

: . . 1/2
Hint: you can define a (temporary!) notation £ — v = ¢ Mz .

1/2 2
p ~ Lock (Ang,na. 7+ (n1 + ng) =1y i N1 * T 3 ngy)
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Proof
H = 3dng,ns. rr—»(n1+n2)*r1£n1*r2£n2

let r = ref O
let rl = ref O
let r2 = ref O
{r—(0+0)xr; —0=xry— 0}
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Proof
H = 3dng,ns. rr—»(n1+n2)*r1£n1*r2£n2

let r = ref O
let rl = ref O
let r2 = ref O
{r—(0+0)xr; —0=xry— 0}

{H*rl'lﬁO*rQ»lﬁO}
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Proof
1/2 1/2
H = 3ni,ng. r— (n1+ng) =1y ¥ ng =ry > ng

let r = ref O

let r1l = ref O

let r2 = ref O

{r — (0+0)*r; — 0%ry— 0}
1/2 1/2

{H *r1+> 0xr9 >0}

let p = newlock()
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Proof

1/2 1/2
H = Ellnl,ng.rr—»(n1+n2)*r1rl>n1*r2+—>n2

let r = ref O
let rl = ref O
let r2 = ref O
{7"—>(0+0)*T‘1|—>O*r2|—>0}
1/2 1/2
{H xry = 0=xry = 0}
let p = newlock()
1/2

{p ~ Lock H 71 53 0 % ro 53 0}
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Proof
1/2 1/2
H = 3ni,ng. r— (n1+ng) =1y ¥ ng =ry > ng

let r = ref O
let rl = ref O
let r2 = ref O
{7"—>(0+0)*T‘1|—>O*r2|—>0}
1/2 1/2
{H xry = 0=xry = 0}
let p = newlock()
1/2

{pWLOCkH*TlllizO*rQ,_)O}
{(p ~ Lock H % 11 3 0) % (p ~ Lock H # 75 3 0)}
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Proof

1/2 1/2
H = Ellnl,ng.Tr—»(n1+n2)*r1rl>n1*r2+—>n2

let r = ref O
let rl = ref O
let r2 = ref O
{r — (0+0)*r; — 0%ry— 0}
1/2 1/2
{H %7y /> 0%7r9 V> 0}
let p = newlock()
1/2

{p ~ Lock H = r; EO*TQHO}

{(p ~ Lock H 71 *3 0) # (p ~ Lock H  ry *3 0)}
{p~ Lock H % r1 23 0} || {p ~ Lock H * 15 3 0}
acquire p; acquire p;

r := !r + 1; r := !lr + 1;
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Left thread
H = 3ny,ng. r— (n1+ng)*mr By xre 3 ng

{p ~ Lock H 71 *3 0}
acquire p;
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Left thread
H = 3ny,ng. r— (n1+ng)*mr By xre 3 ng

{p ~ Lock H 71 *3 0}
acquire p;

{p ~ Lock H 71 +53 0 % H}
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Left thread
H = 3ny,ng. r— (n1+ng)*mr Bng s 5 ng
{p ~ Lock H 71 *3 0}
acquire p;
{p ~ Lock H 71 3 0% H} so, for some ny,ng:

1/2 1/2 1/2
{pWLockH*m@O*rH(n1+n2)*r1»i>n1*r2.i>n2}
r :=!r +1;
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Left thread

1/2 1/2
H = 3ny,ng. r— (n1+ng)*mr By« 3 ng
1/2
{p ~ Lock H 71 *3 0}
acquire p;
1/2
{p ~ Lock H 71 3 0% H} so, for some ny,ng:

1/2 1/2 1/2
{pWLockH*m@O*rH(n1+n2)*r1»i>n1*r2.i>n2}
r :=!r +1;

{p“"}LOCkH*Tl’l_/Q’O*T'—’(n1+n2+1)*r1»1—/2>n1*r2.1_/2>n2}
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Left thread

H = 3dnq,no. 7‘»—>(71/1+n2)*7“1£n1*7“2»1’—/2>71/2
{p ~ Lock H 71 *3 0}
acquire p;
{p ~ Lock H 71 3 0% H} so, for some ny,ng:
{pWLockH*rl}—/EO*rH(n1+n2)*r1£n1*r2£n2}

r :=Ir +1;

{p ~ LOCkH*Tl'l—/zO*TI—) (n1 +ng+1) %1y '1_/2’711*7“2'1—/%712}
so by agreement on r; we know n; = 0, and
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Left thread

1/2 1/2
H = 3dni,ng. r— (n1+n2)xry ¥ ng = ry > no
1/2
{p ~ Lock H % r1 > 0}
acquire p;

{p ~ Lock H 71 3 0% H} so, for some ny,ng:

{p ~> Lock H 7y #5057 = (n1 +m) %71 %5 g %72 5 o}

r :=Ir +1;
{pwLOCkH*rlol—/Q>0*r»—>(n1+n2+1)*r1,ﬁnl*rg}_/?”w}
so by agreement on r; we know n; = 0, and
{pwLockH*rlni»()*r.—)(0+n2+1)*7~2}_/2)n2}

rl := !rl1 + 1;
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Left thread

1/2 1/2
H = 3dni,ng. r— (n1+n2)xry ¥ ng = ry > no
1/2
{p ~ Lock H % r1 > 0}
acquire p;

{p ~ Lock H 71 3 0% H} so, for some ny,ng:

{p~ Lock H #1123 0 %7 > (n1 + n2) #1123 ny #7103 no)

r := Ilr + 1;
{PWLOCkH*T1'1—/2>0*7"'—>(n1+n2+1)*r1.1—/2>n1*r2.1_/2)n2}
so by agreement on 71 we know n; = 0, and

{p~ Lock H 11 > 0% 7 > (0 + ng + 1) %75 5 na}
rl := !rl1 + 1;

{pWLOCkH*rl'i’l*r’_’(0+n2+1)*r2£n2}
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Left thread

1/2 1/2
H = 3dni,ng. r— (n1+n2)xry ¥ ng = ry > no
1/2
{p ~ Lock H % r1 > 0}
acquire p;

{p ~ Lock H 71 3 0% H} so, for some ny,ng:

{p ~> Lock H 7y #5057 = (n1 +m) %71 %5 g %72 5 o}

r :=!r +1;
{pwLOCkH*rlol—/Q>0*r»—>(n1+n2+1)*r1,ﬁnl*rg}_/?”w}
so by agreement on 71 we know n; = 0, and
{pwLockH*rlni»()*r.—)(0+n2+1)*7~2}_/2)n2}

rl := !rl1 + 1;
{prockH*rl;il*r._)(0+n2+1)*r2}ﬁn2}

{p~ Lock H # 71 53 1w r > (14 mg) 7 75 1srg 5 ny}
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Left thread

1/2 1/2
H = 3dni,ng. r— (n1+n2)xry ¥ ng = ry > no
1/2
{p ~ Lock H % r1 > 0}
acquire p;

{p ~ Lock H 71 3 0% H} so, for some ny,ng:
{p~ Lock H #1123 0 %7 > (n1 + n2) #1123 ny #7103 no)
r := Ilr + 1;
{PWLOCkH*T1'1—/2>0*7"»—>(n1+n2+1)*r1.1—/2>n1*r2.1ﬁn2}
so by agreement on 71 we know n; = 0, and
{pwLockH*rlni»()*rH(0+n2+1)*7~2}_/2)n2}
rl := Irl + 1;
{pWLockH*rl;Ll*rH(0+n2+1)*r2£n2}

1/2

{pwLockH*rl'fl*r.—)(1+n2)*rl,1ﬁ1*r2,_>n?}
{p ~ Lock H % r “3 1 H} (choosing ny = 1 and ny = ng)
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Left thread

1/2 1/2
H = 3dni,ng. r— (n1+n2)xry ¥ ng = ry > no
1/2
{p ~ Lock H % r1 > 0}
acquire p;

{p ~ Lock H 71 3 0% H} so, for some ny,ng:
{p”"LOCkH*T1'1—/2>0*r»—>(n1+n2)*r1£nl*r2£n2}

r :=!r +1;
{PWLOCkH*T1'1—/2>0*7"»—>(n1+n2+1)*r1.1—/2>n1*r2.1ﬁn2}
so by agreement on 71 we know n; = 0, and
{pwLockH*rlni»()*rH(0+n2+1)*7~2}_/2)n2}

rl := Irl + 1;
{pWLockH*rl;Ll*rH(0+n2+1)*r2£n2}

{p~ Lock H 1y 3 1sr > (14 ng) 71 5 1%y +5 ny}

{p ~ Lock H # 1 *2 1« H} (choosing ny = 1 and ng = ng)

release p
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Left thread

1/2 1/2
H = 3dni,ng. r— (n1+n2)xry ¥ ng = ry > no
1/2
{p ~ Lock H % r1 > 0}
acquire p;

{p ~ Lock H 71 3 0% H} so, for some ny,ng:

{p ~> Lock H 7y #5057 = (n1 +m) %71 %5 g %72 5 o}

r :=!r +1;
{pwLOCkH*Tl'l—/%O*TH(n1+n2+1)*r1.ﬁnl*m}ﬁm}
so by agreement on 71 we know n; = 0, and
{p'\/‘—)LOCkH*Tlii>O*T|—>(0+n2+1)*r2,1_/2)n2}

rl := !rl1 + 1;

{p~ Lock H # 71 > 17 > (0 + ng + 1) % 79 3 na}

{p~ Lock H # 71 53 1w r > (14 mg) 7 75 1srg 5 ny}

{p~ Lock H 1 3 1+ H} (choosing ny = 1 and ny = ny)
release p

{p ~ Lock H %1 B 1}
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Right thread

H = 3ni,ne. r— (ng+ng)*(rq 2 ny) * (ro 2 ng)

{p ~ Lock H = ry 23 0}
acquire p;
{p~ LockH*rgrl—/%O*H}

r :=Ilr +1;

r2 := !'r2 + 1;
{p~> Lock H #1553 1 % H}
release p

{p ~ Lock H #19 B 1}
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Finish up let r = ref 0
let r1 = ref O
let r2 = ref O
let p = newlock()

{p ~ Lock H % r1 3 0} || {p ~ Lock H * 1 3 0}
acquire p; acquire p;

r := !r + 1; r := !lr +1;

rl := !r1 + 1; r2 := lr2 + 1;
release p; release p;

{p~ Lock H #7153 1} || {p ~ Lock H = 15 15 1}

{p ~ LockH*rl»lﬁl*rgnlﬁl}

acquire p;
{r1'1131*7’2'131*TH(n1+n2)*r1£n1*r2£ng}
{rl&1*r2£1*rH1+1*r1£1*r2£1}
{ri—>1lxrg—1lxr—2}

assert (!r == 2);
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Some remarks

Problems with this proof:
@ same example with an arbitrary number of threads?

@ need to prove adding instructions preserves the semantics? (erasure
theorem, complexify the instrumentation of the code)

@ that's reasoning, it should not be in the program

We will see other ways, though similar in spirit and complexity.
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What are invariants lacking?

At high-level the program has two interleavings:

let r = ref 0 in

let 1 = newlock () in
acquire 1; || acquire 1;
r:=Ilr+1; || r:=Ir+1;

release 1 || release 1

acquire 1;
assert (!r = 2)
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What are invariants lacking?

At high-level the program has two interleavings:

let r = ref 0 in 0

let 1 = newlock () in thread 1 thread 2
acquire 1; || acquire 1; / \
r:=Ilr+1; || r:=Ir+1; 1 1
release 1 || release 1

acquire 1; threadxl Aead 1

assert (!r = 2) 9
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What are invariants lacking?

At high-level the program has two interleavings:

let r = ref 0 in 0

let 1 = newlock () in thread 1 thread 2
acquire 1; || acquire 1; / \
r:=Ilr+1; || r:=Ir+1; 1 1
release 1 || release 1

acquire 1; thma;t;\\y z//;;eadl

assert (!r = 2)

2
A proof would need need to reflect this somehow.
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What are invariants lacking?

At high-level the program has two interleavings:

let r = ref 0 in 0

let 1 = newlock () in thread 1 thread 2
acquire 1; || acquire 1; / \
r:=Ilr+1; || r:=Ir+1; 1 1
release 1 || release 1

acquire 1; threah Aead 1

assert (!r = 2) 9

A proof would need need to reflect this somehow.
@ some notion of state embedded into the separation logic
e splitting (and combining) states into parts for each thread

@ all possibles orders: combining is commutative and associative (same
reason as for )
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One way to add state: auxiliary variables

let r = ref O
let r1 = ref O
let r2 = ref O
let p = newlock()

acquire p; acquire p;
r := lr +1; r :=Ilr +1;
rl := Irl + 1; r2 := !r2 + 1;
release p; release p;
acquire p;
assert (!r == 2);
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Ghost state
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What is ghost state?

In parallel programs p = e1]|...||en, reductions (p,h) — (p’,h’) can be
from any of the e;, so — is non-deterministic.
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What is ghost state?

In parallel programs p = e1]|...||en, reductions (p,h) — (p’,h’) can be
from any of the e;, so — is non-deterministic.

Correctness of non-deterministic programs must consider all possible
physical steps (p, h) — (p', h').
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What is ghost state?

In parallel programs p = e1]|...||en, reductions (p,h) — (p’,h’) can be
from any of the e;, so — is non-deterministic.

Correctness of non-deterministic programs must consider all possible
physical steps (p, h) — (p/,h"). For each, we get to choose a ghost
update g — ¢’
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What is ghost state?

In parallel programs p = e1]|...||en, reductions (p,h) — (p’,h’) can be
from any of the e;, so — is non-deterministic.

Correctness of non-deterministic programs must consider all possible
physical steps (p, h) — (p/,h"). For each, we get to choose a ghost
update g — ¢’

(P, 1,.9)
v
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What is ghost state?

In parallel programs p = e1]|...||en, reductions (p,h) — (p’,h’) can be
from any of the e;, so — is non-deterministic.

Correctness of non-deterministic programs must consider all possible
physical steps (p, h) — (p/,h"). For each, we get to choose a ghost
update g — ¢’

(p, h, 9)
', h,9) (" h",9)
/ 3 \ / \
(p/ h/ /) p/’h/ // h//7 q///) p// h// ////)
VAN / \ / \ / v
( " h/// / //// h//// ////)
Ghost state also needs to be split ¢ = g1 - ... - g,, one part for each e;.
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Ghost state, ghost assertions

Let (M, -) be a commutative semigroup (or “monoid”), i.e. Yabc € M:

a-(b-c)=(a-b)-c a-b=b-a
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Ghost state, ghost assertions

Let (M, -) be a commutative semigroup (or “monoid”), i.e. Yabc € M:
a-(b-c)=(a-b)-c a-b=b-a

a € M is called a resource. At any given time:

@ each thread t; “owns” a resource a; € M,
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Ghost state, ghost assertions
Let (M, -) be a commutative semigroup (or “monoid”), i.e. Yabc € M:
a-(b-c)=(a-b)-c a-b=b-a

a € M is called a resource. At any given time:
@ each thread t; “owns” a resource a; € M,

@ each unopened lock “owns” a resource r; € M that satisfies its R;
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Ghost state, ghost assertions

Let (M, -) be a commutative semigroup (or “monoid”), i.e. Yabc € M:
a-(b-c)=(a-b)-c a-b=b-a
a € M is called a resource. At any given time:
@ each thread t; “owns” a resource a; € M,

@ each unopened lock “owns” a resource r; € M that satisfies its R;

o the global resource a1 ... -an 71 - ... - 1) is the global ghost state
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Ghost state, ghost assertions

Let (M, -) be a commutative semigroup (or “monoid”), i.e. Yabc € M:
a-(b-c)=(a-b)-c a-b=b-a

a € M is called a resource. At any given time:
@ each thread t; “owns” a resource a; € M,
@ each unopened lock “owns” a resource r; € M that satisfies its R;

@ the global resource ay - ... -an -7r1-... -7 is the global ghost state

Ownership of a is written 37& I. Composition maps to separation:
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Ghost updates

The prover can perform some “ghost updates” inside each thread:

. .
ai=1d ~ changing a - as-as-... toad ~as-as-...
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Ghost updates

The prover can perform some “ghost updates” inside each thread:
iidﬁl = iiciz,’ii ~ changing @ -as-as-... tod -as-as- ...

The ghost state can be updated before or after physical steps:

(GHOST-UPDATE

P=7r {P'} c{\z. Q'} Vr. Q'z = Qu
{P}e{re. Q}

but P = P’ does not imply P = P’
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Ghost updates

The prover can perform some “ghost updates” inside each thread:
iidﬁl = iiciz,’ii ~ changing @ -as-as-... tod -as-as- ...

The ghost state can be updated before or after physical steps:

(GHOST-UPDATE
P=7r {P'} c{\z. Q'} Vr. Q'z = Qu

{P} c{Az. @}
but P = P’ does not imply P = P’

But to be useful, we must deduce something from iicitﬁl, knowing that other

threads can update their own resources.

any idea how?
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Ghost state to be continued
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